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 1 Introduction Auxetic materials [1], also known as 
‘anti-rubber’ [2] or ‘self-expanding’ [3], behave in a coun-
terintuitive way, in that they experience a lateral expansion 
when they are uniaxially stretched and a lateral contraction 
when compressed. This is in contrast with most everyday, 
or conventional materials which do the opposite, i.e. they 
expand when stretched and contract when compressed. 
 The extent of expansion/contraction that accompanies 
a uniaxial strain in the orthogonal direction is measured 
through the Poisson’s ratio. More specifically, the Pois-
son’s ratio ijν  in the Oxi – Oxj plane for loading in the Oxi 
direction is defined as the negative ratio of the transverse 
strain εj over the applied strain εi. In conventional materials, 
the sign of the Poisson’s ratio is positive since a positive 

i
ε  

is accompanied by a negative jε  and vice-versa and in fact, 
most everyday materials such as plastics and metals have a 
positive Poisson’s ratio, for example, the Poisson’s ratio of 
most single crystals and metals ranges from 0.20 to 0.27, 
while the Poisson’s ratio of soft metals ranges from 0.30 to 
0.40 [4]. However, in auxetic materials, both strains have 
the same sign and thus the Poisson’s ratio assumes a nega-
tive value. Such a negative value is permitted in the theory 
of elasticity, where it may be shown that the Poisson’s ra-
tio can range from 1 0.5ν- £ £ +  for isotropic three-
dimensional materials [5], within the range 1 1ν- £ £ +  for 
two-dimensional isotropic systems [6], whilst there are no 
limits on the Poisson’s ratios of anisotropic systems. 
 In recent years, a number of auxetic materials and 
structures have been extensively described in Refs. [6–38]. 

In all of these systems the negative Poisson’s ratio is a re-
sult of the particular geometrical setup and the deformation 
mechanism this geometry undergoes when subjected to a 
stress. It is also important to note that auxetic behaviour is 
a scale independent property and therefore the same me-
chanism can operate at the macro, micro and nano level. 
 Auxetics have many applications, not only because 
they get wider when stretched but also because of the 
many beneficial effects in the other materials’ properties 
which come as a result of having a negative Poisson’s ratio. 
These include a higher resistance to indentation [39, 40], 
improved acoustic properties [41] and a natural tendency 
to form dome-shaped surfaces [1] – something which con-
ventional materials never do. 
 A configuration that has attracted considerable atten-
tion in recent years in view of its potential for exhibiting 
negative Poisson’s ratios is the hexagonal chiral system, 
proposed as a concept by Wojciechowski [13] and later 
implemented as a two-dimensional periodic structure by 
Lakes [42]. Lakes’ hexagonal chiral honeycomb (see 
Fig. 1a) may be considered as being constructed from units 
(building blocks, highlighted in bold in Fig. 1a), which 
may be described as a central cylinder (henceforth referred 
to as ‘node’) with six tangentially attached ligaments, 
where the ligaments are arranged in such a way that this 
basic unit exhibits rotational symmetry of order six. This 
type of connectivity makes the basic unit ‘chiral’ (i.e. it 
may be constructed as ‘left handed’ or ‘right handed’, 
where the two versions are  not  super-imposable  but  are 

Auxetics are systems which get fatter when stretched and 

thinner when compressed i.e. they exhibit a negative Pois-

son’s ratio. Here, we present an analysis of a novel class of 

structures (referred to as ‘meta-chiral’) which belong to the

 class of auxetics constructed using chiral building blocks. We 

show through analytical modelling that some of these systems 

can exhibit negative Poisson’s ratios, the extent of which will 

depend, amongst other things, on the geometry of the system. 
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Figure 1 (a) The ‘chiral honeycombs’ proposed by Lakes (1991) and (b) the ‘anti-tetrachiral’ network proposed by Sigmund and co-

workers (1998). Note that the ‘basic chiral units’ are highlighted in bold whilst the size of the tessellatable unit cell is highlighted by 

the dotted lines. 

 

mirror images of each other) and the honeycomb so con-
structed is made up only of basic units with the same 
chirality and is also chiral. 
 Another auxetic system with similar characteristics 
was suggested by Sigmund and co-workers [43] (see 
Fig. 1b), who proposed a three dimensional structure, 
which in one projection exhibits some similar features to 
the system described by Lakes. Like Lakes’s hexagonal 
honeycomb, Sigmund’s system in Fig. 1b has a basic unit 
(highlighted in bold in Fig. 1b) that may be described as a 
central node with four tangentially attached ligaments 
which are arranged in such a way that the basic unit exhib-
its rotational symmetry, this time of order four. However, 
although this basic unit is chiral, Sigmund’s honeycomb 
contains equal amounts of ‘left handed’ and ‘right handed’ 
basic units and is not chiral (it is racemic). 
 If Lakes’ and Sigmund’s structures in Fig. 1 are con-
structed in such a way that the thin ligaments are welded to 
the nodes, then a uniaxial on-axis load will result in a rota-
tion of the nodes accompanied by flexure of the ligaments. 
This type of deformation results in ‘folding’ of the ligaments 
around the node when the honeycombs are subjected to 
compressive loading and ‘unfolding’ when they are subjected 
to tensile loading, a behaviour that results in auxeticity. In 
fact, Prall and Lakes [9] performed a theoretical and experi-
mental investigation of their hexagonal system and con-
cluded that it exhibits a Poisson’s ratio of –1 for in-plane de-
formations. They also showed that, in contrast with most 
other negative Poisson’s ratio materials, the Poisson’s ratio of 
their system is maintained over a significant range of strain. 
 Lakes’s and Sigmund’s structures are in fact only two 
examples of a larger set of two dimensional structures that 
can be constructed from chiral building blocks exhibiting 
rotational symmetry of order n [38]. In two-dimensions1, 
such basic units may be connected together either with the 
nodes on the same side of the ligaments (as in the case of 
Sigmund’s system) or with the nodes on opposite sides of 
the ligaments (as the case of Lakes’s system), and, al-
 

1 We note that this concept of ‘unfolding of chiral unit’ may also be ex-

tended to three-dimensional building blocks, a process which would 

lead to various other auxetic structures. 

though there are an infinite amount of such chiral building 
blocks exhibiting rotational symmetry of order n, where n 
is the number of ligaments attached to each node, only the 
building blocks where n = 3, 4, or 6 may be used to con-
struct space filling periodic structures [38]. In fact, unless 
the symmetry constraints are relaxed, only five such peri-
odic structures can exist as illustrated in Fig. 2 where in the 
case where the two nodes are on opposite sides of the 
ligaments, all the repeat units in the structure have the 
same chirality and the resulting structure is also chiral (as 
Lakes’s honeycomb with n = 6) whilst when the nodes are 
on the same side of the ligaments, the structures will re-
quire an equal amount of basic units of both chiralities, and 
the resulting structures are non-chiral (‘racemic’, as was 
Sigmund’s honeycomb with n = 4). A systematic nomen- 
 

 

Figure 2 Five tessellations that may be obtained from the ‘chiral’ 

basic units exhibiting rotational symmetry of order n. Note that 

more systems can be obtained if the constraint that the basic units 

exhibits rotational symmetry of order n is relaxed. 
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Figure 3 Examples of meta-chirals systems for systems having 

(a) six (b) four and (c) three ribs attached to each node. Note that 

for all systems, the ligaments are always attached tangentially to 

the nodes in such a way that they protrude out from the circles in 

the same direction to form ‘chiral’ sub-units but the ligaments are 

not attached to the rods in a rotationally symmetric manner where 

the order is equal to the number of rods. Also note that within the 

same structure there are some nodes which are attached to the 

same side of the ligaments (as in the chirals) and some others at-

tached to opposite sides of the ligaments (as in the anti-chirals), 

hence the name ‘meta-chirals’. 

 

clature for these systems is described in Fig. 2, where the 
chiral systems with the nodes on opposite sides of the 
ligaments are termed as hexachiral, tetrachiral and trichiral 
(for n = 6, 4 and 3 respectively) whilst the ‘racemic’ sys-
tems with the nodes on the same sides of the ligaments are 
referred to as anti-tetrachiral and anti-trichiral (for n = 4 
and 3 respectively). 
 In this paper, we show that by relaxing the constraint 
that the basic chiral unit exhibits rotational symmetry of 
order n, where n is the number of ligaments attached to 
each node, it becomes possible to construct various other 
such systems including systems which we shall henceforth 
refer to as meta-chirals (see Fig. 3). These systems share 
some basic properties of the chirals and anti-chirals in the 
sense that they are made up of chiral building blocks made 
from circular nodes connected together through ligaments. 
However, their rotational symmetry is not equal to the 
number of ligaments attached to each node, and also, 
within the same structure there are some nodes which are 
attached to the same side of the ligaments (as in the 
chirals) and some others attached to opposite sides of the 
ligaments (as in the anti-chirals), hence the name ‘meta-
chirals’. We analyse one such metachiral system, in par-
ticular the meta-tetrachiral system illustrated in Fig. 4 for 
which we derive and discuss in detail expressions for the 
on-axes Poisson’s ratios of such systems which deform 
through hinging at the joints between the ligaments and the 
nodes, thus showing that these systems also exhibit some 
very interesting properties, including auxetic behaviour. 
 
 2 Modelling of systems where rigid ligaments 
are connected to rectangular-shaped rigid nodes 
through flexible hinges: idealised hinging model 
The geometry of the structure considered for the ‘idealised 
hinging model’ has the nodes in the form of rectangles of 
dimensions a × b which are connected together through li- 

 

Figure 4 Geometry of the metachiral system made from rectan-

gular nodes. 

 
gaments of lengths A and B as illustrated in Fig. 4. To dis-
tinguish between the two nodes present within a single unit 
cell, we have labelled them ‘1’ and ‘2’ as shown in Fig. 4. 
Likewise, we have denoted the angles between the liga-
ments of length A and nodes ‘1’ and ‘2’ as 

1
α  and 

2
α  re-

spectively, whilst the angles between the ligaments of 
length B and nodes ‘1’ and ‘2’ as 

1
β  and 

2
β  respectively. 

We note that if 
1

α , 
2

α , 
1

β  and 
2

β  are such that in the unde-
formed state, the unit cell is rectangular (see below), 
through symmetry, uniaxial on-axis loading will not result 
in any shear strain with the result that the change in the an-
gle 

1
α  is equal to the change in 

2
α  whilst the change in the 

angle 
1

β  is equal to the change in 
2

β . Thus, in this deriva-
tion we will assume that 

1 2
α α α= =  and 

1 2
.β β β= =  

(Note that these relationships may not hold if the system is 
subjected to a shear strain.) 
 For this system, the projections of the unit cell in the 
Ox

i
 directions (i = 1, 2) may be given by 

1
2[ sin ( ) cos ( )]X A b aα α= + -  

     2[ cos ( )]
R

A R α χ= - +  , (1) 

2 2

2

π
2 cos

2
R

X R B RB χ β
Ê ˆ= + - - +Ë ¯  

     ( )2 2
2 sin

R
R B RB β χ= + + -  , (2) 

where 

2 2
R a b= +  and 1

tan
R

b

a
χ

-
Ê ˆ= Ë ¯  . (3) 

 Also, we note that for rectangular unit cells, the angle 
α is related to the angle β, i.e. the two angles are not inde-
pendent of each other. The relationship between these two 
angles can be derived by referring to Fig. 5, where we note 
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Figure 5 Parameters used for the relation between α and β. 

 
that for triangle DEG, the length DG, where DG is perpen-
dicular to EF is given by 

π
DG cos ( ) cos

2 2 2
R

R B
α χ α β

Ê ˆ= - = - +Ë ¯  (4) 

and thus 

( )

( )
1 sin

tan
cos

R

R

R

R B

B

β χ
α χ

β χ

-

- -È ˘
= + Í ˙-Î ˚

 . (5) 

In this way, for uniaxial loading, the unit cell parameters X
i
 

are functions of the single variable β, i.e. using the chain 
rule, the Poisson’s ratio ijν  may be re-written in terms of 
derivatives of the cell parameters as follows: 

( )
1

1
2 2 1

12 21

1 2 1

d d d

d

X X

X X

ε

ν ν

ε

-

- Ê ˆ Ê ˆ= = - = -Á ˜ Á ˜Ë ¯ Ë ¯
 

     

1

2 1 1

2

d d d

d d d

X X X

X

α

β α β

-

Ê ˆ Ê ˆ= -Á ˜ Á ˜Ë ¯ Ë ¯
 , (6) 

where d
i
ε  represents infinitesimally small strains in the 

Ox
i
 directions (i, j = 1,2) which may be defined in terms of 

infinitesimally small changes ‘dX
i
’ in the value of ‘X

i
’. 

 Thus, by differentiating the expressions in (2) and (5) 
with respect to β and (1) with respect to α and substituting 
these, and the expressions in (1) and (2) into Eq. (6) we ob-
tain: 

( )
( )

( ) ( )[ ]

1
1

12 21

cos

2 sin sin

R

R R

X

B R

β χ
ν ν

α χ β χ

- -
= = -

+ + -

 . 

 (7) 

Plots of the variation of the on-axis Poisson’s ratio with the 
different geometric parameters, starting from different ge-
ometric setups are shown in Fig 6. 
 
 3 Discussion The derivations and graphs (Fig. 6) pre-
sented above clearly suggest that the system discussed here 
exhibits on-axis auxetic behaviour under certain conditions 
where the extent of auxeticity is dependent on the relative 

lengths of the ligaments, the size and aspect ratio of the 
node, and the angles between the ligaments and nodes. 
 Before we attempt to analyse in detail the properties af-
forded by this system, it is important to note that the pa-
rameters A, B, a, b, α and β must lie within certain ranges 
for the system to be physically constructible (i.e. we have 
constraints on the values the different geometric param-
eters can assume arising from geometric considerations). 
For example, if we want the system to be able to assume 
particular values of α , then we must put limits on the liga-
ment of length A: for a given α  within the range 
0 π/2α£ £ , the minimum value that A can assume is 

( )2 cosa α  as otherwise the nodes would overlap each other. 
 However rather than setting a minimum value on A, it 
is possible and more appropriate to discuss such con-
straints by limiting the values that the angles α  and β  can 
assume. In particular, for a given set of parameters (a, b, A, 
B), we shall let the range of values of the angles α  and β  
to be 

min max
α α α£ £  and 

min max
β β β£ £  respectively. 

 Firstly we note that the upper and lower bounds of α  
and β  are determined by the requirement that the liga-
ments cannot cross into the nodes, which limits the values 
of α  and β  to lie within the maximum range of 

[ ], 0, 3π/2α β Œ . In this respect we note that since the an-
gles α  and β  are dependent on each other through Eq. (5), 
the values of α  are further restricted by the values that β  
can assume as illustrated in Fig. 7a, b which correspond to 
the situations were 0β =  and 3π/2β =  respectively. In 
fact, since for rectangular unit cells α  and β  are related to 
each other, the cell parameters ( ), , , ,B a b α β  are not inde-
pendent of each other but are related through Eq. (5) that 
can be written in the form: 

( ) ( )sin cos
R

B Rα β α χ- = -  . 

Thus, once four out of the five geometric parameters 

( ), , , ,B a b α β  are set, the remaining one must have a spe-
cific value in order for the structure to be constructible. 
Assuming that we have fixed the lengths of the sides of the 
nodes and of the ligaments and letting β  be within the 
range 0 3π/2β£ £ , we note that the corresponding maxi-
mum and minimum values of α  are 

( )

( )

( )

( )
1 1cos cos

tan tan
sin sin

R R

R R

R B R

B R R

χ χ
α

χ χ

- -

-È ˘ È ˘
£ £Í ˙ Í ˙-Î ˚ Î ˚

 , 

where the minimum occurs within the range of [0, π]α Œ  
and the maximum is within the range [π/2, 3π/2].α Œ  
These limits on α  can be further simplified to 

1 1

between 0 π between π/2 3π/ 2

tan tan
a B a

B b b
α

������� �������

- -

- -

-È ˘ È ˘£ £Í ˙ Í ˙-Î ˚ Î ˚
 

by noting that ( )1
tan

R
b aχ

-

=  and 2 2
R a b= + . 

 In addition to this, for short ligaments A (i.e. A < 2a or 
A < 2b) we must also avoid situations where the nodes 
overlap with each other as illustrated in Fig. 7c, d. 
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Figure 6 Plots of the variation of the on-

axis Poisson’s ratio with β for various unit 

cell geometric parameters. 
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Figure 7 Conformations where the structure cannot be com-

pressed or stretched any further due to some physical constraint. 

 

Thus, the angle α  is restricted to assume values where: 
 – the minimum limit that α  can assume to ensure that  
the nodes do not overlap is within the range [ ]0, π/2   
and in the case that 2a A< , the lower bound will be  
given by the solution of the equation ( )2 cos ,a Aα =  i.e. 

1cos ( /(2 ))A aα
-

= ; 
 – the maximum value that α  can assume to ensure  
that the nodes do not overlap is within the range of 

[ ]π, 3π/2  and in the case that 2b A< , then the upper limit 
will be the solution of the equation ( )2 sinA b α= -  i.e. 

( )1
sin 2b Aα

-

= - . 
 In view of all this, having fixed (a, b, A, B), the range 
of possible values for α  are: 

min max
α α α£ £  

where: 

{ }

1

min

1 1

tan 2

max tan , cos 2
2

a
A a

B b

a A
A a

B b a

α

-

- -

Ï È ˘ >Í ˙Ô -Ô Î ˚= Ì
È ˘ Ê ˆÔ <Í ˙ Ë ¯Ô -Î ˚Ó

 

[ ]min
where 0, πα Œ  , 

{ }

1

max

1 1

tan 2

2
max tan , sin 2

B a
A b

b

a b
A b

B b A

α

-

- -

-Ï È ˘ >Í ˙ÔÔ Î ˚= Ì -È ˘ Ê ˆÔ <Í ˙ Ë ¯Ô -Î ˚Ó

 

min

π 3π
where ,

2 2
α

È ˘ŒÍ ˙Î ˚
 , 

from which we may determine the corresponding lower 
and upper bounds for β . 

 Having established the upper and lower boundaries of 
the geometric parameters that make up the meta-tetrachi-
rals, we now examine the possible values that the on-axis 
Poisson’s ratios of these systems can assume. 
 First of all we note that the model presented by Eq. (7) 
can be used to represent the system in Fig. 3b (i.e. when the 
ligaments are tangential to a circular node, a system which 
may be considered as the ‘equivalent’ of Lakes’ hexachiral 
model [42]) if both ligaments in the hinging model make 
an angle of 90° to the diagonals of the rectangular nodes. 
This requires that (π/2) π/2

R R
χ β β χ- + = fi =  and 

π/2
R

χ α+ = . On substituting these values in Eq. (7), the 
Poisson’s ratio for this particular case, the hinging model 
reduces to: 

1

12 21
( )

A

B
ν ν

-

= = -  . (8) 

In the particular case when all the ligaments in the system 
have the same length (i.e. A = B), then the Poisson’s ratio 
would assume a value of –1, as was the case with Lakes’s 
hexachiral model [42]. In other words, when the ligaments 
are tangentially attached to the nodes, the on-axis Pois-
son’s ratio will always be negative and equal to the nega-
tive of the ratio of length of the ligaments. In fact, since 
A > 0 and B > 0, the on-axis Poisson’s ratio will range be-
tween 0 and -•. However, for the more general cases, the 
on-axis Poisson’s ratios of the hinging model is more com-
plex and can assume either negative or positive values, as 
illustrated in Fig. 6. 
 Considering the Poisson’s ratio in terms of the partial 
derivates, 

11

2 2 1

12

1

d d d d

d d d d

i

j

X X X

X

ε α
ν

ε β α β

-

- Ê ˆÊ ˆ= - = - Á ˜Ë ¯ Ë ¯
 ,    i, j = 1, 2 ,   

for on-axis negative Poisson’s ratios, we require: 

11

2 1
d d d

0
d d d

i

j

X X X

X

α

β α β

-

- Ê ˆÊ ˆ >Á ˜Ë ¯ Ë ¯
 . (9) 

Since the unit cell lengths are always positive (i.e. both 

1 2
, 0X X > ) for all the possible values of β, this require-

ment reduces to the constraint that: 

 (i) the three derivates 2 1
d d d

,  , 0
d d d

X X α

β α β
> , or 

 (ii) two of the derivatives 2 1
d d d

,  , 
d d d

X X α

β α β
 are negative, 

while the other one is positive, giving three possible com-

binations. 
 The above considerations give rise to the following 
four cases: 

 Case 1, referring to the situation when 

2 1
d d d

, , 0
d d d

X X α

β α β
> : 

cos ( ) 0
R

β χ- >  ,  sin ( ) 0
R

α χ+ >  , 

sin ( ) 0
R

B R β χ+ - >  . 
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 Case 2, referring to the situation when 

2 1
d d d

, 0 and  0
d d d

X X α

β α β
< > : 

cos ( ) 0
R

β χ- <  ,        sin ( ) 0
R

α χ+ <  , 

sin ( ) 0
R

B R β χ+ - >  . 

 Case 3, referring to the situation when 

2 1
d d d

, 0  and  0
d d d

X Xα

β β α
< > : 

cos ( ) 0
R

β χ- <  ,        sin ( ) 0
R

α χ+ >  , 

sin ( ) 0
R

B R β χ+ - <  . 

 Case 4, referring to the situation when 

2 1
d d d

0  and  , 0
d d d

X X α

β α β
> < : 

cos ( ) 0
R

β χ- >  ,  sin ( ) 0
R

α χ+ <  , 

sin ( ) 0
R

B R β χ+ - <  . 

To discuss the particulates of these cases, it is convenient 
to consider separately the situations where (i) B R>  and 
(ii) B R< . 
 
 3.1 The properties of systems where B > R We 
first consider the situation when B R>  where it follows 
that d /d 0α β >  since sin ( ) 0

R
B R β χ+ - >  (the sine of an 

angle is always between –1 and +1). Thus, cases 3 and 4 
cannot occur, while the third condition in cases 1 and 2 is 
automatically satisfied. This reduces these cases to: 

Case 1: cos ( ) 0
R

β χ- >  and sin ( ) 0
R

α χ+ >  

 fi  
π

2
R

β χ< +  and π
R

α χ< -  , 

Case 2: cos ( ) 0
R

β χ- <  and sin ( ) 0
R

α χ+ <  

 fi
π

2
R

β χ> +  and π
R

α χ> -  , 

i.e., using the relation between α  and β  (Eq. (5)) we ob-
tain: 

Case 1:  
π

2
R

α χ< +  and π
R

α χ< -  , 

Case 2: 
π

2
R

α χ> +  and π
R

α χ> -  . 

Thus, the range of values can be divided into three regions 
depending on the value of α  and we find that: 
 – In the range 

min
min [π , (π/2) ]

R R
α α χ χ< < - +  the 

Poisson’s ratios are negative. 
 – In the range min [π , (π/2) ] max

R R
χ χ α- + < <  

[π , (π/2) ]
R R

χ χ¥ - +  the Poisson’s ratios are positive. 

 – In the range 
max

max [π , (π/2) ]
R R

χ χ α α- + < <  the 
Poisson’s ratios are negative. 
 This suggests that the Poisson’s ratio changes sign at 
most twice within the region 

min
α  to 

max
,α  i.e. when 

π
R

α χ= -  and when (π/2)
R

α χ= + . 
 As illustrated in Fig. 8a, the condition when π

R
α χ= -  

corresponds to the situation when the ligaments of length A 
are aligned with the diagonal across the node that joins 
them and with the 

1
Ox  direction. This means that a force 

applied along the 
1

Ox  direction would not produce a de-
formation, which implies that the structure is locked along 
the Ox1 direction (i.e. a situation when the Young’s modu-
lus in the Ox1 direction would have an infinite value if the 
structure deforms solely through hinging). From a mathe-
matical point of view, we note that this change in the sign 
of the Poisson’s ratios arises from having the partial de-
rivative 

1
d /d 0X α = . This partial derivative is found in the 

denominator of the equation for 
12

ν  and in the numerator of 
the equation for 

21
ν  (see Eq. (7)), thus suggesting that the 

Poisson’s ratio 
12

ν  will change sign asymptotically when 
π

R
α χ= -  (tending to -• from one side and to +• from 
the other) whilst the Poisson’s ratio 

21
ν  changes sign in a 

continuous manner (i.e. 
21

0ν =  when π ).
R

α χ= -  Note 
that the asymptotic behaviour of the Poisson’s ratio 

12
ν  as 

π
R

α χÆ -  is characteristic of ‘locked’ systems (see dis-
cussion relating to the idealised Type I rotating rectangles 
model [48]). Such features are clearly illustrated in Fig. 6a, 
b, d, e. 
 Similarly, as illustrated in Fig. 8b, the condition when 

(π/2)
R

α χ= +  corresponds to the circumstance when the 
ligaments of length B are aligned with the diagonal across 
the node that joins them and with the Ox2 direction. This 
means that a force applied along the 

2
Ox  direction would 

not produce a moment around the node. In practice, this 
implies that the structure is locked along this direction (i.e. 
a situation when the Young’s modulus in the Ox2 direction 
would have an infinite value if the structure deforms solely 
through hinging). From a mathematical point of view, once 
again we note that this change in the sign of the Poisson’s 
ratios arises from having a partial derivative being equal to  
 

 

Figure 8 Condition corresponding to the situation when (a) the 

ligaments of length A and (b) the ligaments of length B are 

aligned with the diagonal across the node that joins them. 



518 J. N. Grima  et al.: On the properties of auxetic meta-tetrachiral structures 

 

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim  www.pss-b.com 

p
h

ys
ic

ap s sst
at

u
s

so
lid

i b

zero, in this case 
2

d /d 0X β = . This partial derivative is 
found in the numerator of the equation for 

12
ν  and in the 

denominator of the equation for 
21

ν  (see Eq. (7)), thus sug-
gesting that the Poisson’s ratio 

12
ν  changes sign in a con-

tinuous manner (i.e. 
12

0ν =  when (π/2) )
R

α χ= +  whilst 
the Poisson’s ratio 

21
ν  will change sign asymptotically 

when (π/2)
R

α χ= +  (tending to +• from one side and to 
-•  from the other, a situation which once again corre-
sponds to having a ‘locked’ system). Such features are 
clearly illustrated in Fig. 6a, b, d, e. 
 We also note that in the special case when the nodes 
are square, i.e. when a b= , we find that π/4

R
χ =  and so 

π (π/2) 3π/4
R R

α χ χ= - = + = . In such a case, the positive 
region of the on-axis Poisson’s ratios is not observed, as 
clearly illustrated in Fig. 6c. Furthermore we note that both 

1
d /dX α  and 

2
d /dX β  would be simultaneously equal to 

zero when 3π 4α =  leading to the situation of having a 
zero divided by a zero in Eq. (7) (i.e. the Poisson’s ratio is 
undefined), which corresponds to the situation where the 
structure is simultaneously locked in both the Ox1 and Ox2 
directions. A similar situation was encountered in the rotat-
ing squares model [49, 50] when the angle between the 
squares was 90°. 
 
 3.2 The properties of systems where B < R If we 
now allow for the possibility that B R< , the situation is 
much more complex as it might be possible to satisfy the 
condition for sin ( ) 0

R
B R β χ+ - <  in one or both of the 

following regions: 

0
R

β χ ω< < -  or π 3π/2
R

ω χ β+ - < <  , 

where 1sin ( / )B Rω
-

= . 
 This means that all four Cases 1–4 mentioned above 
need to be considered in order to determine the sign of the 
Poisson’s ratio. 
 In terms of α  these regions can be expressed as 

min
(π/2)α α ω< < -  or 

maxR
χ ψ α α- < <  , 

where ψ  is defined as 

1 sin (2 )
tan

cos (2 )

R

R

R B

B

χ ω
ψ

χ ω

-

+ -È ˘
= Í ˙-Î ˚

 . 

Combining these conditions with those obtained previously, 
we conclude that the value of the Poisson’s ratio in the al-
lowed range of α  depends on the attainability and magni-
tude of the angles {(π/2) , , π , (π/2) }.

R R R
ω χ ψ χ χ- - - +  

As α  increases the Poisson’s ratio will change sign each 
time α  exceeds one of these angles. So in the allowed re-
gion of α , the Poisson’s ratio will alternate between nega-
tive and positive values as exemplified in Fig. 6f. 
 The reasons for the change of sign in the Poisson’s ra-
tio when π  and (π/2)

R R
α χ χ= - +  are the same as those 

for the situation when B R> . The increase in the number 
of values of α  that make the Poisson’s ratio change sign 
when B R<  is linked to a change of sign of d /dα β . As can 
be seen from Fig. 9 if B R<  at the beginning and/or at the 
end of the allowed regions of α , an increase in β  would 
bring about a decrease in the value of α , and a decrease in 
β  would bring about an increase in the value of α . 
 The attainability and location of the point or points at 
which d /d 0α β =  are also of interest. This condition is sat-
isfied when the ligaments of length B are aligned in the 
same direction as the ligaments of length A. This can be 
achieved in one of the two situations shown in Fig. 10, 
with the one illustrated in Fig. 10a being possible if B b£  
while the one depicted in Fig. 10b being attainable if B a£ . 
In these situations, considering the moments around the 
node, it can be deduced that the ligaments of length A will 
create a moment that has an equal but opposite direction to 
that created by the ligaments of length B. Thus the struc-
ture will be effectively locked along the 

1
Ox  direction. This 

is confirmed by the fact that d /dα β  is in the denominator 
of 

12
ν  and as a result the Poisson’s ratio will tend to infinity 

when d /d 0α β Æ  as was the case of 
1

d /dX α . 
 

 4 Conclusions In this work we have shown that 

Lakes’s and Sigmund’s auxetic structures constructed from 

chiral building blocks exhibiting rotational symmetry of 

order n are two examples of a larger set of structures that 

can be constructed from such chiral building blocks. Fur-

thermore, we showed that when the rotational symmetry of 

the chiral building block is relaxed, a new class of struc-

tures, collectively referred to as ‘meta-chirals’ can be ob-

tained which can be seen as an intermediate between the 

‘chirals’ and ‘anti-chirals’. We have analysed one example 

of this novel ‘meta-chirals’ class of structures: the tetra- 

 

  

Figure 9 A figure showing that an increase 

in β brings about a decrease in α when 

B < R, for the (a) fully closed system and 

(b) fully open system. 
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meta-chiral system. This is a structure where four liga-
ments are attached to a central node where the rotational 
symmetry is less than four. Analytical modelling of the 
tetrameta-chiral systems deforming through hinging were 
produced and these suggested that when the meta-
tetrachirals are constructed from rectangular nodes and de-
form though hinging (i.e. through changes in the angles  
between the nodes and the ligaments), these systems may 
exhibit either auxetic or conventional behaviour where the 
Poisson’s ratios can range from -• to +•. The actual val-
ues of the Poisson’s ratio where shown to be dependant on 
the geometric parameters of the systems. This behaviour in 
the Poisson’s ratios where, for example, the Poisson’s ratio 
can be more negative than –1 is possible as a result of the 
fact that the system is highly anisotropic. (The model pre-
sented here only discusses the Poisson’s ratios for loading 
in preferred directions (on-axis), coinciding with the sym-
metry axes of the system.) 
 These meta-tetrachiral systems can be considered to be 
the first example of this new subclass of ‘chirals’ that are 
capable of exhibiting auxetic behaviour, hence introducing 
the concept that many more systems made from chiral 
building blocks may be constructed if we relax the condi-
tion that the rotational symmetry is equal to the number of 
ligaments attached to the nodes. Thus we have confirmed 
the potential of the chiral unit proposed by Lakes [42] and 
Sigmund [43] for generating auxetic behaviour. 
 The equations derived here are expected to be useful to 
experimentalists who may wish to construct novel auxetic 
systems based on the meta-tetrachiral proposed here. 
Through these equations, they may be able to produce sys-
tems which exhibit particular values of the Poisson’s ratios 
thus producing systems which are tailor-made for particular 
practical applications. In this respect, it is also important to 
note that the equations derived here suggest that the Pois-
son’s ratio of this system is once again scale independent 
and thus the meta-chirals proposed here may be constructed 
at any scale ranging from the nanolevel to the macroscale. 
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