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Modelling and testing of a foldable
macrostructure exhibiting auxetic behaviour
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Auxetics exhibit the anomalous property of getting fatter
rather than thinner when uniaxially stretched [negative
Poisson’s ratio (NPR)]. This paper presents an analytical
model of a structure constructed from umbrella type sub-units
which is predicted to exhibit this property together with the
results of mechanical tests of a structure having this geometry.
It is shown that such systems can exhibit negative on-axis

Poisson’s ratio of 1 which means that they maintain their
aspect ratio, while Poisson’s ratio becomes less negative for
loading off-axis. It is also shown that this model can explain
the sign and anisotropy of Poisson’s ratio demonstrated by a
molecular level system constructed from calix(4)arenes having
the same geometry.
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1 Introduction In recent years there has been an
increased interest in materials and structures which exhibit
the unusual property of becoming wider when stretched [1–
35]. Such materials and structures, commonly known as
auxetic [8], have a negative Poisson’s ratio, NPR (conventional materials have a positive Poisson’s ratio). In fact, the
last two and a half decades have seen the design and development of various model structures [9–12] and materials
which exhibit this property ranging from polyurethane foams
[13–20] to nano- and microstructured polymers [21–33].
A particular class of polymers which has been predicted
to exhibit NPR is the one constructed using calix(4)arene
building blocks which are connected together as illustrated in
Fig. 1 [29–31]. Force-field based simulations on various
examples of such polymers have confirmed that they can
exhibit NPR in the plane of the network. These networked
polymers have the advantage that they can be constructed
from available building blocks and have been designed to
mimic the behaviour of an egg-rack macrostructure (see
Fig. 1c).
This work reports an analytical model based on a
simplified highly idealised system having the ‘egg rack’
geometry in an attempt to obtain a better understanding of the
behaviour of this system when this is mechanically loaded in

the plane of the structure. This is complemented by
experimental work on the egg rack macrostructure, the
results of which are then compared with the modelling
predictions, and by a discussion of the earlier molecular
modelling results in terms of the analytical model presented
here.
2 Analytical modelling The proposed model is
based on the geometry illustrated in Fig. 1 and will be
aligned in space in such a way that the structure is aligned
in the Ox1–Ox2 plane with one of the edges of the structure
always aligned with the Ox2 axis (see Fig. 2). In the model
presented here, it will be assumed that the system is built
using rods of infinite stiffness connected together through
special three dimensional hinges which can be treated
as two independent two dimensional ‘hinges’ where: (i) one
hinge with stiffness ku allows hinging between the rods
and an imaginary element parallel to the Ox3 direction
(u hinging), and (ii) the second hinge with stiffness kf
allows hinging between projections of the rods in the Ox12
planes (f hinging) as illustrated in Fig. 2. The unit cell of
this system is highlighted in bold lines in Fig. 2. Note that
the u hinges make the structure to behave as if it was
constructed from umbrella-type sub units.
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

solidi

status

physica

pss

b

118

J. N. Grima et al.: Modelling and testing of a foldable macrostructure

Figure 1 (online colour at: www.pss-b.com)
(a, b) The molecular level system constructed
from calix(4)arenes which is predicted to
exhibit Poisson’s ratios of 1; (c) the egg-rack
macrostructure on which the molecular level
honeycomb was designed.

Figure 2 The definition of (a) the unit cell,
(b) the hinges and (c) the geometric parameters.
Note that one calyx represents four u hinges and
one f hinge. (The shading in this illustration is
only added to enhance the three dimensionality
of the structure: the double calix structure is
made up of rods,as illustrated by thebold lines.)

Referring to Fig. 2, the projections of the unit cell in the
Oxi direction (i ¼ 1,2,3) are given by
X1 ¼ 2½l1 sinðu1 Þ;

(1a)

X2 ¼ 2½l2 sinðu2 Þ;

(1b)

X3 ¼ l1 cosðu1 Þ ¼ l2 cosðu2 Þ;

(1c)
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where Eq. (1c) puts the constraint that


l1
cosðu1 Þ :
u2 ¼ cos1
l2

(2)

If l1 and l2 are assumed to be constant (idealised hinging
model) the size of the system is then dependent on a single
variable. In this simplified model presented here, it will be
www.pss-b.com

Original
Paper
Phys. Status Solidi B 248, No. 1 (2011)

119

assumed that all rod lengths are of equal length l, i.e. it shall
be assumed that l1 ¼ l2 ¼ l. Under such conditions, the
structure is geometrically constrained to have u1 ¼ u2 ¼ u
(the single geometric variable) so that the cell projections are
given by
X1 ¼ X2 ¼ 2l sinðuÞ;

X3 ¼ l cosðuÞ:

(3)

2.1 The on-axis Poisson’s ratios and shear
coupling coefficients for loading in the plane of
the structure The Poisson’s ratios in the Ox1 Ox2 plane
are given by
de2
de1


1
1 dX2
1 dX1
du
du
¼
X2 du
X1 du


X1 dX2 dX1 1
¼
;
X2 du du

n12 ¼ ðn21 Þ1 ¼ 

(10)

V ¼ X1 X2 X3 ¼ 4l3 sin2 ðuÞcosðuÞ:
(4)

(5)

which suggests that the Poisson’s ratios ni3 are always
positive and are at a maximum for u approaching 908.
Loading of the structure in the through-thickness (Ox3)
direction will also lead to deformation through variation in u
and so in this case we also have
(8)

and hence, from Eqs. (9)–(12), the Young’s moduli for
loading in the Oxi (i ¼ 1,2) directions are given by
E1 ¼ E2 ¼

4ku
:
3
l cos3 ðuÞ

(13)

Using a similar approach, the Young’s modulus in the
through-thickness direction is given by
E3 ¼

4ku cotðuÞ
:
l3 sin3 ðuÞ

(14)

Examination of Eqs. (7), (8), (13) and (14) confirms that
the model satisfies the thermodynamic requirement of a
symmetric compliance matrix [34].
2.3 The shear modulus If a shear stress s12 is
applied, then the angles f (and only f) are expected to
change. If we assume that each joint in the structure has one f
hinge (i.e. four f hinges per unit cell), then the shear modulus
may be derived in a similar method to the Young’s modulus.
Noting that in this case, the shear strain is equal to df, then
the strain energy per unit volume, and the work done per unit
cell are given respectively by

It is also clear that since uniaxial on-axis loading does not
result in a change in the angle f, then uniaxial on-axis
loading will not result in a shear strain, and hence the shear
coupling coefficients are equal to zero.

1
1
U ¼ G12 ðde12 Þ2 ¼ G12 ðdfÞ2 ;
2
2

2.2 The Young’s moduli Analytical expressions for
the Young’s moduli may be obtained from a conservation of

W¼4
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(11)

By noting that the number of u hinges per unit cell is 16,
then the work per unit cell required to change the value of u
by du is given by


1
W ¼ 16 ku ðduÞ2 ;
(12)
2

(6)

which expression suggests that the on-axis Poisson’s ratio of
this idealised system is always equal to 1 irrespective of
the length of rods or the angle 2u between them. Such
property is highly desirable as it means that this structure
maintains its aspect ratio when it is uniaxially stretched or
compressed on-axis.
Similarly, the Poisson’s ratios in the Oxi Ox3 planes
(i ¼ 1,2) for loading in the Oxi (i ¼ 1,2) directions are given
by
 
de3
Xi dX3 dXi 1
ni3 ¼ 
¼
¼ þtan2 ðuÞ;
(7)
dei
X3 du du

ni3 ¼ n1
3i :

1
W;
V

where V is the volume of the unit cell which is given by

Thus from these Eqs. (3)–(5), the Poisson’s ratios for
loading in the Oxi (i ¼ 1,2) directions are given by
n12 ¼ n21 ¼ 1;

where this strain energy per unit volume U is related by the
work done per unit cell W through
U¼

where
dX1 dX2
¼
¼ 2l cosðuÞ:
du
du

energy approach. In particular, since for loading in the Oxi
directions (i ¼ 1,2), the structure deforms solely through
changes in the angles u, then the strain energy per unit
volume which accompanies a change in u by du is given by

2
1
1
1 dXi
2
du
U ¼ Ei ðdei Þ ¼ Ei
2
2
Xi du


1
1 dXi 2
1
¼ Ei
ðduÞ2 ¼ Ei ðcotðuÞduÞ2 ;
(9)
2
Xi du
2




1
kf ðdfÞ2 ;
2

(15)

(16)
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Figure 3 (online colour at: www.pss-b.com) Plots showing the experimentally obtained wi versus hi data from which the Poisson’s ratio of
the ‘egg-rack’ in Fig. 1c was calculated.

and hence from the principle of conservation of energy, Eqs.
(10), (11), (15) and (16) we have
G12 ¼ kf

1
l3 sin2 ðuÞcosðuÞ

:

(17)

3 Experimental work In an attempt to verify the
suitability of the above model to reproduce the properties of
such systems, the egg rack structure illustrated in Fig. 1c was
mechanically tested under uniaxial compression using an
Instron testing machine (Model No. 4303). Compression of
the structure in the Ox2 direction was carried out at a 2 mm/
min strain rate to a maximum of 1% strain level. The axial
and transverse strains, e2 and e1, respectively, were recorded
using a MESSPHYSIK ME 46 videoextensometer. The
videoextensometer software operates directly as a strain
meter by determining the relative change in distance between
markers placed along the length and width of the sample by
tracking the change in the contrasts between markers as the
compressive strain is applied. During the experiment, axial
and transverse length data were recorded from which the
axial and transverse strains were calculated. In this particular
determination, two compression experiments were carried
out, in each of which one measurement of the axial data
(height direction, h, which shall be aligned to the global Ox2
axis) was collected together with various transverse width
data read at various sections along the length of the structure
(width direction, w, which shall be aligned to the global Ox1

axis). This methodology resulted in ten sets of the
dimensions hi and wi (i ¼ 1, 2, . . .10) between the markers
in the height and width direction which were used to
calculate ten estimates of the Poisson’s ratio ni . Since it
was observed that the ðhi ; wi Þ data could be adequately fitted
to a linear curve y ¼ mx þ c, the Poisson’s ratios were
estimated as
n21;i ¼ 

e1
dw hi

;
dh wi
e2

where dw=dh is thegradient obtained by the curve fitting
exercise and hi ; wi are the averages of the ðhi ; wi Þ data
(Fig. 3).
The results of the ten Poisson’s ratios obtained using this
procedure together with the r2 values for the curve fitting to
the y ¼ mx þ c are shown in Table 1. These results clearly
show that the Poisson’s ratio of this structure is negative and
equal to 1, this being in good agreement with the derived
expression for the on-axis Poisson’s ratio above.
4 Discussion and conclusion The expressions
derived above and results of the experimental work confirm
the potential of these systems to exhibit auxetic behaviour.
They can also provide valuable information on the strengths
and limitations of this geometry. In particular, the model
highlights that whilst the in-plane on-axis Poisson’s ratio of
this idealised systems is always negative and equal to 1
meaning the structure maintains it aspect ratio, the out of

Table 1 The measured Poisson’s ratios and R2 values for the different tests and measurements performed. Note that the average
Poisson’s ratio from these results is equal to 0.93.
measurement
n21
R2

1

2

3

4

5

6

7

8

9

10

average

0.82
0.94

1.22
0.93

0.92
0.93

0.91
0.96

0.83
0.93

0.71
0.95

1.54
0.95

1.00
0.92

1.11
0.93

0.96
0.93

1.00
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Figure
4 (online colour at: www.pss-b.com) (a) The in-plane off-axis Poisson’s ratios for loading at an angle z to the Ox1 direction with an
"
angle u ¼ 458, (b) the predicted in-plane off-axis Poisson’s ratios for the molecular level networks. Note that these properties were
calculated using the derived/simulated on-axis Poisson’s ratios and moduli which were transformed using standard axis transformation
techniques [36].

plane Poisson’s ratio is always positive and can assume
very high positive values (it tends to þ1 as u ! 90o ).
Furthermore, given the on-axis mechanical properties, the
off-axis properties may be calculated using standard off-axis
transformation techniques [35]. Typical plots of the off-axis
Poisson’s ratio in the plane of the structure are shown in
Fig. 4 which clearly suggest that maximum auxeticity of
a value 1 occurs for loading on-axis with the most nonauxetic behaviour occurring at 45o off-axis where the
Poisson’s ratios are equal to
½n12 z¼45o ¼ 

k cos2 ðuÞ4 sin2 ðuÞ
;
k cos2 ðuÞ þ 4 sin2 ðuÞ

(18)

where
k¼

kf
:
ku

(19)

This means that in the region 0 < u < 90o , the in-plane
Poisson’s ratios will be negative for all directions of in-plane
loading if
k cos2 ðuÞ4sin2 ðuÞ > 0;

(20)

k > 4 tan2 ðuÞ ) kf > 4 tan2 ðuÞku ;

(21)

i.e.

www.pss-b.com

thus suggesting that to maximise the auxeticity, the systems
must be designed so as to maximise the u hinging.
It is also interesting to note that the profiles of the off-axis
plots obtained in Fig. 4 are very similar to the ones that had
been obtained following molecular force-field based studies
on the calix-4-arene networks. In fact, referring to Figs. 1
and 4, when systems with n ¼ 0, 1 and 2 are modelled using
the PCFF force-field, it was shown that the profile of the offaxis Poisson’s ratio in the plane of the structures will also
exhibit maximum auxeticity in the directions which
correspond to on-axis in our analytical model and minimum
auxeticity (if any) for loading at 458 off-axis, this being in
full accordance with the predictions from the analytical
model. Furthermore, it should be noted that as the number of
phenyl rings between the calixes increases, the on-axis
Poisson’s ratio tend to the value of 1 predicted by the
analytical model and the experimental work. In this respect it
should be noted that in such molecular-level systems,
deviations from the idealised behaviour should be expected
as the model presented here only assumes deformations
involving changes in angles between the rods (idealised
hinging model) while the real systems are likely to deform
through various modes of deformation. Furthermore, as
explained elsewhere [29–31], the geometry of the polycalix
molecular networks deviates slightly from the geometry of
the model structure presented here, the deviations being most
noticeable in the systems with short polyphenyl chains (e.g.
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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n ¼ 0). Nevertheless, despite all these limitations, the
agreement between the analytical model presented here
and the behaviour of the more complex molecular level
networks is remarkable.
The analytical model presented here assumes deformation occurs through hinging. In the mechanical model
tested here it is possible the structure deforms predominantly
through flexure of the ribs. Flexing and hinging modes of
deformation have been found to be described by the same
Poisson’s ratio expressions in, e.g. hexagonal honeycomb
structures [36, 37] and we expect this will be the case for the
system considered here. To identify such deformation
mechanisms, more detailed tests, or, finite elements
simulations [38] will be required. In this respect, it should
be noted that a more generic model would also incorporate
other modes of deformations such as flexure and/or
stretching of the ribs [38]. A fully generalised model should
also allow the length of the ribs along the Ox1 and Ox2
directions to be different to each other.
Nevertheless, the model presented here has the
advantage of simplicity. It is thus easy to interpret and can
present valuable information to experimentalists who may
wish to design auxetic materials and structures based on the
topology presented here.
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