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SUMMARY
Cel/ular solids, in particular hexagonal honeycombs have been the subject of
numerous studies in the last decades in view of their extensive use in many
applications. In particular, there have been various studies aimed at expressing
the mechanical properties of honeycombs in terms of the geometrical parameters
used to describe the structure of such honeycombs. Despite improvements over
the first established model, finite element simulations performed in this work on
honeycombs having ribs with a realistic thickness -ta -length ratio suggest that the
mechanical properties for such systems differ from those predicted by current
models, sometimes to a vet}' significant extent. In view of this, we analyse in
detail the deformed structures in an attempt to gain insight into how and the
extent to which the shape of the ligaments, in pariicular its thickness and mode
of connection affects deformation in conventional and re-entrant hexagonal
honeycombs. Based on these observations, we propose a modirlf3d version of
the previous analytical models that take into consideration the finite thickness of
the ligaments.

INTRODUCTION
With a growing demand for new superior materials, in the last decades
there has been an increasing interest in novel materials with an improved
performance over the more traditional ones such as steel , wood or concrete.
In particular, there were significant developments in cellular materials in view
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of their exceptional strength-ta-weight ratio [1]. A class of materials which is
also attracting more attention is that of auxetic materials, i.e. materials with
a negative Poisson 's ratio, particularly auxetic cellular solids, such as auxetic
foams [2-1 0] or auxetic honeycomb structures [11-28]. Such materials exhibit
some very interesting properties ranging from improved indentation resistance
to enhanced vibration absorption properties [29-36],
Over the years, several cellular systems [1-28,37-39], including ones which
can lead to negative Poisson 's ratios have been developed [2-28], the most
well known being the classical two dimensional re-entrant and non re-entrant
hexagonal honeycombs (see Figure 1) deforming primarily through flexure
of the ribs, Such systems have been extensively modelled by Gibson and
Ashby in their seminal 1982 work [11] where it has been proposed that for
loading in the OX j direction, their on-axis Poisson's ratios viii in the OX j - OXj
plane and Young's moduli Eli are given by:
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where h, I and El are geometric variables defined in Figure 1 and Es is the
intrinsic Young's modulus of the material of the honeycomb. (The superscript
'f' denotes the mode of deformation , in this case flexure of the ribs.) Such
systems have also been modelled by other workers including Evans et al.
[13-16] who proposed that these honeycombs can deform through three
non-mutually exclusive deformation mechanisms namely flexure of the ribs
(Gibson and Ashby's model), stretching of the ribs (a property which is known
to be particularly pertinent in some systems, for example in triangular lattices
or in particular conformations of hexagonal honeycombs) and/or hinging
of the ribs. In view of this, Evans et al. have further extended the flexure
model to include hinging and stretching [13-14] with the Young's moduli and
Poisson 's ratios of systems deforming through concurrent flexure, hinging
and stretching being given by:
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where E'i' ESi and Ehj are the Young's moduli for loading in the OXi direction
due to flexing. stretching and hinging respectively whilst v'ii' ij and v hij are
the Poisson's ratios in the OX j - OXj plane for loading in the OX j direction due
to flexing, stretching and hinging respectively which are given by:
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Idealised Hinging model:

(7)

(e)
where b is the thickness of the honeycomb in the third direction, Ks and Kh
are the stretching and hinging force constants being given by:
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where Gs is the shear modulus of the material making up the honeycomb
given by E/2(1 +n) if the material is isotropic . Note that Masters and Evans
also re-express the equations for the Young's moduli derived by Gibson and
Ashby in terms of a flexure stiffness constant ~ as:
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~

is defined by :

(11 )
Although the analytical model derived by Masters and Evans provides a
more accurate representation of real honeycombs when compared to that
derived by Gibson and Ashby, for example, it has been shown that they
are more suitable for modelling of molecular level honeycombs built using
phenyl rings and acetylene chains, both models may not take into account
some consequences that may arise from having ribs of a finite non-negligible
thickness. In particular, while the models have the advantage of being highly
elegant and, as shall be shown further on, suitable for modelling honeycombs
having very slender ribs or very particular junctions, they may not be accurate
enough to predict the mechanical properties of some real honeycombs. In
view of this, in this work, we use the finite element (FE) method to model both
conventional and re-entrant configurations of these hexagonal honeycombs
using beam elements as well as plane elements which are likely to offer a
much more faithful representation of real systems. The simulation results are
then compared with the analytical models, to quantify by how much they

x,

Figure 1. Geometry of (a) conventional (non re-entrant) and (b) re-entrant hexagonal
honeycombs

290

Cellular Polymers, Vol. 30, No. 6, 20 1/

An Improved Analytical N.odel for the Elastic Constants cl Auxetic and C()(lventionoi Hexagonal
Honeycombs

deviate from real systems. The results are also used in attempt to provide an
improved analytical model which takes into account the main shortcomings
in existing models based on a similar simple beam theory approach to retain
much of the simplicity and form of the original models.

2. SIMULATIONS
Two sets of numerical simulations were carried out using the commercial finite
element software ANSYS®Academic Research, Release 12.0 on honeycombs
having the rib lengths h and I set to 20 and 10 respectively while the angle
8 was varied between _60" and +60". In the first set the honeycomb were
constructed from 'beam elements' representing the ribs, whilst in the second
set, the honeycombs were constructed using 'plane elements'.
In the simulations using beam elements, the beams were set to have a
rectangular cross-section of dimensions t x z where t is the thickness in
the xy-plane having a value in the range 0.1-1.0 and z is the depth in the
third direction which was set to 1. In an attempt to obtain simulations which
represent as much as possible the scenario suggested by Gibson et al. (1982),
where the beam is considered to deform solely in the plane of the structure
(deformations only in xy-plane), any translations in the z-direction and rotations
in the x- and y-directions were restricted . The remaining boundary conditions
(BCs) were set to simulate periodicity. The material was modelled as an
isotropic and perfectly elastic one with a Young's modulus of Es= 10 GPa and
a typical Poisson's ratio of vs= 0.3. Following a mesh sensitivity analysis. the
honeycombs' geometries were meshed using the 3D, 2-noded, BEAM188
element which utilises the Timoshenko beam formulation. This means that
deformations due to shear are taken into account therefore it is suitable for
analysing slender to moderately thick beam structures.
In the case of the plane element analysis, the 20 8-Node PLANE82 with plane
strain element behaviour was used. Taking advantage of the symmetry of the
unit cell for such honeycombs and applying the correct boundary conditions
to simulate periodicity (as shown in Figure 2), an infinite planar hhoneycomb
network was modelled using a quarter of the unit cell. The lengths of the
inclined and vertical ribs measured halfway through the thickness t were set as
I and h respectively. The same geometric parameters used in the simulations
for the beam elements were used.
For both sets of simulations, the Young's moduli were then calculated by
measuring the total reaction force L Fi in the loading direction on the nodes
on which the displacement was applied and dividing by A,e, where Ai is the
area of the face of the unit cell normal to the direction of loading and £ is the
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strain applied (= 0.05). The Poisson's ratios were calculated by measuring
the displacement of the nodes lying on the face that is free to move in the
direction orthogonal to the loading d irection and dividing by the applied strain .

•
loading in x

"

load ing in y

2(j)UX=O

UX:O
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.. ' .
•

UY = 0.05(h+/Sin(fI))

Figure 2. Boundary conditions applied for plane element analysis of the honeycombs

Figures 3 and 4 show plots for the variation of the Young's moduli and
Poisson 's ratios with the angle e as predicted by the FE methods and the
existent analytical models for honeycombs having different rib thickness t,
and with h 20 mm and ( 10 mm. From these plots, it is evident that the
predictions of the moduli made from the FE simulations using beam elements
differ from those obtained using plane elements, in some cases by as much as
60%. This phenomenon was previously overlooked and clearly indicates that
any model of honeycombs based on beam theory may need to be checked
so as to establish whether it can adequately model real honeycomb systems
such as those produced using rapid prototyping techniques. In fact, here it
should be noted that the FE beam model is actua()y simulating a scenario
where the three beams which meet at a single joint, two of length I and one of
length h, are in reality located in different spatial position and do not intersect,
something which is highly unrealistic.

=

=

The simulations also suggest that the f(exure model derived by Gibson
and Ashby provides a good estimate of the properties of most, but not a()
honeycombs simulated using beam elements. This is very significant as
it confirms the suitability of Gibson and Ashby's model for predicting the
behaviour of real systems. However, the model derived by Evans et al. for
concurrent deformation appears to be more general in the sense that it
provides a better fit to the results obtained from the FE simulations using
beam elements, including honeycombs made from beam elements which
could not be modelled effectively by Gisbon and Ashby's model (e.g. loading
of honeycombs in the OX 1 directions where e tends to 0° where obviously
the stretching mechanism is the dominant mechanism). This shows that the
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Figure 3. Variation for the Young's modulus and Poisson's ratios for conventional ((hO)
and auxetic honeycombs (lkO) for loading in the Ox /-direction
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Figure 4. Variation for the Young's modulus and Poisson's ratios for conventional (fl>O)
and auxetic honeycombs (0<0) for loading in the Ox2·direction

combined Gibson et al.-Evans et al. models, henceforth referred to as the
idealised model , is more accurate at predicting the mechanical properties
than any single mode deformation model.
However, even this model fails to adequately predict some of the results
obtained from FE simulations using plane elements, which deviations are
most pronounced for the Young's modulus but not as much forthe Poisson's
ratio. This deviation in the moduli is to be expected given that the results
of the FE simulations obtained using beam elements and those obtained
using plane elements do not agree between themselves in the prediction
of the moduli. Our results also suggest that these deviations become more
significant at large magnitudes of the angle e, and are more pronounced in
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re-entrant configurations. In particular, it is evident that the analytical model
always underestimates the true values of the Young's moduli. This suggests
that the extent of deformation of the ribs in real systems is somewhat lower
than that which is assumed in the analytical models.
These deviations may be explained by the fact that if these honeycombs are
analysed carefully, one may note that there is a region (region 1 in Figure 5)
which is considered by the idealised model but in real honeycombs is spatially
incorporated within the other ribs and outside the unit cell boundary used in
the derivation of the model. In both the conventional and auxetic honeycombs,
this region increases with thickness and magnitude of the angle. There is
also a second region of overlap between the vertical and inclined ribs (region
2 in Figure 5). This results in a mass of material at the joint which inhibits
deformation from occurring along the whole of length I, an effect which becomes
more and more pronounced as the thickness increases. This effect is much
more prominent in re-entrant honeycombs than in conventional ones due to
the much larger degree of overlap which increases as the magnitude of the
angle El increases as opposed to conventional honeycombs where degree
of overlap becomes smaller for the larger angles. The hypothesis that these
regions are an important cause in the deviations between the analytical model
and the properties of realistic honeycombs is corroborated by the fact that
our FE simulations suggest that larger deviations occur for negative values
of 0 and much smaller deviations for positive values, as evident from the
graphs in Figures 3 and 4 . Consequently, by considering all of length I in ideal
models, one is incorrectly assuming that these regions are deforming to their
full potential, and therefore that for an applied stress more energy is stored
than actually is so that the resulting Young's modulus is lower than the actual.
Thus, when analysing the deformations of such honeycombs , it may be more
realistic to consider an effective length left for the ribs, which is slightly shorter

(a)

(b)

Figure 5. Overlapping regions of the vertical and inclined ribs in (a) conventional and
(b) auxetic honeycombs which occur in real systems as a result of their rib thickness.
Note that region 1 does not form part of the unit cell
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than the actual length I and along which the actual deformations occur. This
hypothesis will form the basis of our improved model presented in Figure 5.

3. IMPROVED ANALYTICAL MODEL
In view of the results of the simulations, a new set of expressions is being
proposed forthe Young's moduli and Poisson's ratios of hexagonal honeycombs
where some of the dimensional parameters in the idealised models derived
by Gibson et at and Evans et at are replaced by more realistic effective
parameters.

3. 1 Idealised Flexure Model
Referring back to Figure 1, as discussed elsewhere [11-14] , the honeycomb
structure may be defined in terms of a rectangular unit cell having dimensions
X 1 and X2 in the OX 1 and OX 2 directions respectively and a thickness b in the
third direction OX3 where X1 and X2 are respectively given by:

(12)

x, -2C05(6)

(13)

Referring to Figure 6, in analogy to earlier work [11-12], a stress S1 in the OX 1
direction results in flexure of slanting cell ligaments as a result of the force P
acting on the ligaments in the OX 1 direction given by:

1

P- - o X b
2 ' ,

(14)

This force will generate a moment under which the ligaments tend to bend.
For the purpose of this derivation these ligaments are treated as a beam of
length I, part of which does not flex as it is embedded within the joint of the
honeycomb. Thus, the deformable part of the ligament only has an effective
length left an in-plane and out-of-plane thickness of t and b respectively and
an intrinsic Young's modulus of Es' Then from standard beam theory the
resulting ligament deflection is given by [40]:

51 ...

P~ sin ( 8)
12E. 1
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where I is the second moment of inertia of the ligament which for beams
having a rectangular cross-sectional area is given by:

bt'
1- 12

(16)

The strains in the Ox, and Ox;? direction are given by:
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20t sin(e)
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which means that the Poisson 's ratio for loading in the OX 1 direction is given by:

(19)
which is the same expression as that derived by Gibson and Ashby whilst
the Young 's modulus in the Ox, direction is given by:
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In analogy to the work by Masters and Evans, this Young's modulus may be
expressed in terms of ~' , the flexure force constant as:

(21)
where

~'

is given by:

(22)
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Figure 6. (a) Deformation of a cell wall through the flexure mechanism and (b) a freebody diagram of the deforming inclined rib

Similarly, for loading in the OX2 direction, the Poisson's ratios ratio (which are
the same as those derived by Gibson and Ashby) and the Young's moduli
are given by:
v , , - - -' '
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2

X tan ()
e
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3.2 Idealised Stretching Model
A similar approach can also be used to modify the equations forthe idealized
stretching model. In fact, in analogy to the above, it may be argued that
deformations resulting from stretching of the ligaments will be much more
pronounced in the portion between the joints than in the joints themselves
so that once again, it may be more realistic to consider that portion of the
ligament of length leff (which can be assumed to be the same leff as that used in
the flexing model) rather than the whole length I. In this way, applying Hooke's
law. the extension along the ligament can be expressed as:

• PI., cost~ ) _ ----:'--'PCOS (O)
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where
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(26)
The resulting strains in the Ox, and OX2 directions are respectively given by:
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so that for loading in the OX 1 direction, the Poisson's ratio can be given by:
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(28)
and the Young 's modulus by:

(29)
A similar approach can also be used to modify the equations for loading in
the y-direction. However in this case, it should be noted that the vertical ribs
may deform by stretching so their effective length, which is denoted by heft'
must also be considered. Therefore, the stretching force constant for ribs of
length h can be rewritten as:

K (hi
s

..

Esbt
he!1

(30)
which can be related to the stretching force constant Kstt: for the rib of length
lelf as follows:

K 'I
eft
h

K {hl . . .

•

'"

(31)

Thus for loading in the OX 2 direction, the expression for the in-plane Poisson 's
ratio is given by:
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(32)
while that for the Young's modulus is given by:

(33)

3.3 Idealised Hinging Model
In analogy to Masters and Evans's model, one may also derive a set of
expressions for such honeycombs where one assumes that the deformation
is concentrated at the joints. The expressions for such idealized hinging
model would be of the same form as those d erived in the idealized flexure
model with the difference that the flexure force constant will be replaced by
a hinging force-constant which is given by:

(34)

i.e. the Poisson's ratios and Young's moduli for the idealized hinging models
are given by:

()
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V 21
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(36)
and:

(37)
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3.4 Combined Flexure, Hinging and Stretching Model
Using equations 3-4, the expressions for the Poisson 's ratios and Young's
moduli for a model which defonns through concurrent flexure, hinging and
stretching for loading in the Ox, direction, can be written as:

(38)

E_
E,tCOS (o)
; I. ,(h/I+Sin(e)) (I~ Sin (B)/t)' +2(1+v)Sin'(e)+cos'(e)
(39)
whilst for loading in the OX 2 direction:

sin(e)[ h/I+Sin(e)J[1+2v +(I~ Itl']
V

21

..

(40)

E_
E.t(h/I+Sin(B))
, I" cos(o) (2h"/" , +sin'(0)H'~ cos(0)/t)' +2(1+v)cos'(0)
(41)

Note that these expressions are equivalent to those that would have been
obtained if the expressions of the force constants ~a:: , Ksa:: and KhCi: derived
here, Le.:

(42)

are substituted in the combined expressions for the Poisson's ratios and
Young's moduli derived by Masters and Evans. Hoverer, it should noted that
the geometric parameter I is not always being replaced by left in the expressions
as indicated in the derivation .
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4. DISCUSSION
The expressions derived here clearly show that equations for the Young's
moduli and Poisson 's ratios based on the assumption that there is concurrent
stretching; hinging and flexure are in the same overall format as those derived
by other workers with the difference that in some cases, the effective lengths/
heights (Iefl' hell) of the ligaments should replace the true geometric lengths/
heights (I, h). It is however obvious that the success or otherwise of the
newly derived equations to predict the true properties of real honeycombs
will depend on the ability to correctly identify the correct values of lefl and hefl
to be used instead of the true geometric dimensions.
In an attempt to establish a useful relationship between these effective
dimensions and the geometry of the honeycomb, we analysed the defonnation
for several honeycombs, some of which are shown in Figure 7. Superposition
of the defonned and undeformed structures as well as the stress intensity
plots (Figure 8) suggest that deformations in the inc lined ribs do not occur
unifonnlythroughout the whole length I as predicted by the simple beam model.
Instead, it appears that most of the deformation in the lower surface of the rib
occurs outward from the junction that it forms with the inner surface of the

~xD
(a-ii i)

.,'.

(b-i )

(b-ii)

(b-ii i)

Figure 7. Superposition of the deformed and undeformed structure for (a) auxetic and
(b) conventional honeycombs at (i) 13a'1and (ii) IBa'1showing the point from where
deformation in the inclined ribs is assumed occur when loaded in the Ox 1 direction
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Figure 8. Von Mises stress plots for the deformed structures shown in Figure 7

vertical rib, indicated by point A. This effect is observed for both re-entrant
and conventional honeycombs. Similarly, for conventional honeycombs,
deformation along the opposite upper surface of the rib occurs mainly from
the vertex at the junction formed with the vertical rib indicated by point B.
For re-entrant honeycombs, there is no clear point from where defonnation
occurs. However, it has been observed to occur from near a point which can
be related to the geometry of the honeycomb as shown in Figure 7. Thus, it
is being proposed that a suitable point from where to measure the effective
length would be one laying half way in between points A and B Le. at the
intersection between the neutral suriace of the inclined rib and the line joining
points A and B indicated by the location of the position 0 in Figure 7.
Thus, the effective length of the inclined ribs can in general be written as:

(43)
where using the same convention as that used by Gibson for the angle, i.e.
positive values for conventional honeycombs and negative values for auxetic
ones, then for non re-entrant honeycombs (see Figure 9a) the length ICD is
given by:

(44)
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while for re-entrant honeycombs (Figure 9b) the length ICD is given by:

I

CD

-

~4 tan (-"-4 - -"-)
- tan (e)
2

where 0 ~ El ~ Elm
(45)

where Elm is the bound which ensures that El satisfies the condition that
h+2Isin(8)-tcos(8»D in order to avoid any overlap of an inclined rib with the
ones above or below it.

.L tan (- 6)

'!" tanfl

2

2

.~
••
•
I
•
•

e

·,·

--- --- --,
..
---. t-: __
,:

2

t

,
• c _______
'

..,,, ----..---.
,

'!"tan

--..
....
.. ,

.--..
..

t
'!" tan

(l!:. _ ~ )

2

(l!:._ ~ )

\4 2

\4 2

(a)

(b)

Figure 9 . Geometry relationships at the jOint required to find the effective length

Similarly, the plots of the internal stress in the y-direction (see Figure 11 )
suggest that deformation does not occur along the whole length h but along
a length that is slightly smaller than h but slightly larger than that indicated
by point A in Figure 10. Once again. a good approximation is to take the
average of the two lengths indicated by point 0 such that the effective length
is given by:

h

~ft

... h-21

co

0)

... h- -t tan ( -' - 242

(46)
for both the conventional and auxetic honeycombs.
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Figure 10. Superposition of the deformed and undeformed structure for (a) auxetic
and (b) conventional honeycombs at M 130'1 and (ii) 160'1showing the point from where
deformation in the vertical ribs is assumed to occur when loading in the Ox2 -direction
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Figure 11. Typical plots for the vertical (yJ-component of the stresses in the vertical
ribs
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Having established the proposed magnitudes for left and heft , one may use
the expressions 38-41 to examine their ability to predict the properties of
honeycombs predicted by the FEA simulations as well as establish the
deviations from the earlier analytical models .
As illustrated in the plots in Figures 3-4, a substitution of the proposed
expressions for left and heft into the expressions for the moduli and Poisson's
ratios derived above suggest that there is a significant improvement in
agreement with the results obtained from the FE plane elements simulations
which is particularly evident for systems having large values of t. At low
values of t, the new Young 's modulus and Poisson's ratios are very similar
to the published ones (see Figure 12), as expected , i.e. the corrections to
the Gibson et al. and Masters et al. models are most pertinent if the ribs are
relatively thick Here it should be noted that, as t increases, the discrepancy
between the values predicted by the new and the published models increases
considerably, and although the results of the simulations suggest that our
models are valid to model systems with non insignificanttll ratios, care should
be taken to ensure that the thickness to length ratios used are still such that
they permit the use of the Euler-Bernoulli beam theory. In particular, it should
be noted that our derivation is based on the assumption that only part of the
ligament is behaving as a beam, and one must ensure that the ratio leff:t is
large enough to permit the assumption to remain valid, and not I:t. In fact,
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Figure 12. Plots showing the variation of the ratio of the Poisson 's ratio and
Young's moduli of the idealised and corrected model as a function of a. In the cases
considered, h=20 mm and 1=10 mm
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it should be highlighted that this ratio is dependent on the value of Band
although I:t remains unchanged , leff:t changes significantly with 0 particularly at
larger m agnitudes of 0. Obviously, in such cases, the inability of the published
idealised analytical model to accurately predict the mechanical properties
would be even more evident, although it is expected that at larger angles and!
or higher thickness values , even the corrected equations will no longer apply.
Before concluding, it is important to note that the expressions derived here
are particularly important when predicting the properties of cellular nano
or microstructures, in particular foam materials. For example, if one looks
at typical images of foam like materials (see Figure 13), one will note that
the tl ratio is of an order that merits the use of the newly proposed models.
Furthermore, it should be noted that in such foams, the joints usually make up
a higher proportion of the cellular structure than in the ordinary honeycombs
described here d ue to the curvature of the ligaments at the joints. Thus, the
joints take up a larger fraction of the ' ligament' than what is used here for
deriving the expressions for the effective corrections with the result that an
even shorter effective length may need to be used. However, it should also be
remembered that real materials such as foams are significantly more complex
than the simple 2D model being proposed here, which at the very best may
only be described by a particular2D projection of the more complex 3D cellular
structure. Nevertheless, in view of the high VI values in such materials , it is
hoped that the concepts based on what is discussed here will be incorporated
in future analytical modelling of foam and similar materials.

Figure 13. The structure of a typical cell in an open cell foam having 20 ppi. Note
how the material is mostly concentrated at the joints and how because of this mass of
material the joints are very unlikely to deform appreciably do that most deformations
occur only in a region of nbs whose aspect ratio is more accurately described by the
modified model derived here
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CONCLUSION
In this work, we have shown that the mechanical properties of hexagonal
honeycombs are highly affected by the thickness of the ribs and that existing
analytical models need to be corrected to account for this observation. A new
model has been proposed where the dimensions of the ribs are measured
differently, which model requires the use of shorter values for the geometric
parameters I and h. T he newly proposed equations were found to offer a
significantly better agreement with results of more realistic FE simulations
and are likely to be more suitable to model realistic systems and may be
more adequate for predicting the properties of real cellular materials having
honeycomb-like nano or microstructures.
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