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a b s t r a c t
Sheets made from easily available conventional non-crystalline materials which contain star or triangular
shaped perforations are simulated through FE models and are shown to be capable of exhibiting auxetic
behaviour, a property which may be observed for loading in both tension and compression. An attempt is
made to explain this behaviour in terms of analytical models based on “rotating rigid triangles” and we also
show that through careful choice of the shape and density of the perforations, one may control the
magnitude and sign of the Poisson's ratio. All this provides an easy and cost-effective method for the
manufacture of systems at any scale which can be tailor made to exhibit particular values of the Poisson's
ratio (auxetic or non-auxetic) so as to ﬁt particular practical applications.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
When materials are uniaxially stretched, they usually deform in
such a way that their thickness decreases. The extent of such decrease
is quantiﬁed by the Poisson's ratio, a property which is deﬁned by:
νij −

εj
εi

ð1Þ

where εi is the applied strain the Oxi direction, εj is the strain in an
orthogonal direction Oxj direction whilst νij is the Poisson's ratio in the
Oxi − Oxj plane. For conventional materials, this property has a positive
value since stretching in Oxi (positive εi) is accompanied by a decrease in
the thickness in Oxj (negative εj) with the result that νij is positive.
However, the Poisson's ratio is not physically constrained to have only
positive values and in fact, the classical theory of elasticity suggest
that the Poisson's ratio of isotropic materials can range from −1 to +0.5
[1–3], which range is even wider for orthotropic and anisotropic
materials. Furthermore, it is well known that a negative Poisson's ratio
(auxetic behaviour) [1–48] can lead to several enhanced macroscopic
properties ranging from the natural ability to form dome shaped
surfaces [1,4–6] (conventional non-auxetic materials tend to form
saddle shaped surfaces); enhanced resistance to indentation [4–6];
increased vibration and acoustic absorption properties [7] amongst
others.
In recent years there have been various attempts to identify new
auxetics, including work aimed at discovering which naturally occurring
materials exhibit auxetic behaviour. This work has led to the
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identiﬁcation of negative Poisson's ratios in various metals [8–10],
silicates [11–14] and zeolites [15–18]. Furthermore, auxeticity has now
been discovered or introduced in a wide range of man-made materials
including foams [1,3,19–22], liquid crystalline polymers and micro/nano
structured polymers [23–28]. A self-assembling auxetic molecular
model was ﬁrst studied by K. W. Wojciechowski through computer
simulation [29] and later through rigorous analytical methods [30].
Furthermore, various model structures and mechanisms which exhibit
negative Poisson's ratio have been proposed including models based on
re-entrant units [31], rotating rigid units [32–36] chiral systems [37,38]
and interacting particles [39–44].
More recently, Bertoldi et al. have proposed new auxetic systems
which are manufactured by incorporating circular holes in conventional
materials. Although these systems are limited due to the fact that they
only exhibit Poisson's ratio in compression, they offer the advantage that
they may be manufactured rather easily [46] which overcome the
current limitation that most auxetics discovered so far are difﬁcult or
expensive to manufacture on a large scale. Gatt and Grima [47,48] have
also recently proposed that auxetic behaviour may be obtained in both
tension and compression if readily available conventional sheets of
material are perforated with particular shapes in such a way that the
resulting pattern's characteristics resemble known auxetic models. In
particular, they have shown that rubber sheets having diamond or
paralellogramic-shaped perforations can simulate the well known
“rotating squares” [32] or “rotating rectangles” [36] models to achieve
various values of the Poisson's ratio which can also be negative. This
development work is very signiﬁcant as it permits the use of auxetics in
large scale applications such as the manufacture of auxetic garments.
In this work we aim to extend this earlier work by discussing how
star or triangular shaped perforated sheets can be made to exhibit
negative Poisson's ratio by designing systems which are meant to
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simulate auxetic “rotating triangles” model which we also extend to
consider more general cases than equilateral triangles.
2. The idealized “rotating triangles” model
Recent work has shown that two dimensional systems made from
rigid equilateral triangles of length a as illustrated in Fig. 1 exhibits
negative Poisson's of −1 and a Young's modulus E [37] of:
E=

pﬃﬃﬃ
4 3Kh


a 1 + cos π3 + θ

2

ð2Þ

where a is the length of the sides, θ is the hinging angle and Kh is the
force constant due to hinging. Both the Poisson's and Young's modulus
E are independent of the direction of loading.
As clearly illustrated in Fig. 1, if one looks at these systems from the
perspective of the empty spaces (unshaded) between the triangles
(shaded), then these systems can be described either in terms of their
“star shaped perforations” or “triangular shaped perforations” in the
special case when the angles between the triangles is 60°.
It should also be noted that a wider range of the Poisson's ratios
may be obtained if one uses non-equilateral triangles, such as the one
illustrated in Fig. 2. For such systems, the Poisson's ratios for loading in
the Ox1 or Ox2 directions may be derived as below.
A tessellatable system made from two isosceles triangles, as
shown in Fig. 2, having two equal sides of length a and a base of length
b = ra (r being the ratio between the side lengths) which are
connected to each other at their vertices as illustrated in Fig. 2 via
simple hinges in such a way that the two triangles are at an angle θ to
each other. It should be noted that the ratio r of the side lengths must
be in the range 0 b r b 2, since otherwise the side lengths would not
form a triangle. Also, referring to Fig. 2, for realistic systems, θ and θ′
must not be negative (situations which would mean that the triangles
overlap) with the result that for any given a, b, the angle θ is restricted
to have values ranging from max {0, π − 3α} to 2π − 2α. In fact when
r b 1, the angle θ ranges 0 b θ b 2π − 2α while when r N 1, θ can assume
values in the range π − 3α b θ b 2π − 2α.
As illustrated in Fig. 2, it should be noted that although the smallest
unit cell of these systems is a parallelogramic one which contains only
two triangles, one may also describe it in terms of a larger unit cell of
rectangular dimensions having unit cell lengths given by:

Fig. 2. A more general connected triangles system constructed out of isosceles triangles
rather than equilateral triangles.

Note that if we assume that the triangles are perfectly rigid, then α,
a and b are constants with the result that the dimensions of the unit
cell of this systems is dependent on a single variable θ.
For such systems, the Poisson's ratio for any value of θ may be
deﬁned by:
 −1
dεj
νij = vji
=−
dεi

i; j = 1; 2

ð6Þ

where d εi is an inﬁnitesimally small change in the Oxi direction which
is related to an inﬁnitesimally small change d Xi in Xi by:
dεi =

1 dXi
dθ
Xi dθ

ð7Þ

and hence the Poisson's ratio becomes equal to:
−1

ν21 = ðv12 Þ

=−

dε1
dX = dθ X2
:
=− 1
dX2 = dθ X1
dε2

ð8Þ

where since


 


dX1
θ
θ
dX2
θ
+ a cos
and
= b cos α +
= a sin 2α +
2
2
2
dθ
dθ



 
θ
θ
X1 = 2b sin α +
+ 2a sin
2
2

ð3Þ



θ
X2 = −2a cos 2α +
2

ð4Þ

ν21 = ðν12 Þ

ð5Þ

Typical plots of ν21 against θ for various values of r are shown in
Fig. 3. These plots clearly illustrates that these systems can exhibit

the Poisson's ratio simpliﬁes to:

where α is the internal angle of the triangle which is deﬁned by:
−1

α = cos




b
2a

−1




b cos α + 2θ + a cos 2θ




 
θ
θ
tan 2α + 2 b sin α + 2 + a sin 2θ



r cos α + 2θ + cos 2θ





 
=
tan 2α + 2θ r sin α + 2θ + sin 2θ
=

ð9Þ

Fig. 1. Auxetic behaviour from “rotating rigid equilateral triangles”. Stretching of these systems will result in an increase in the angle θ between the triangles which results in a more
open structure, hence the negative Poisson's ratio. Note that if these systems are viewed from the perspective of the empty spaces (unshaded) between the triangles (shaded), then
these systems can be described either in terms of their “star shaped perforations”, or “triangular shaped perforations” in the special case when the angles between the triangles is 60°
(the middle structure).
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Fig. 3. Plots of ν21 against θ for various values of r.

Fig. 4. Illustration of the variables used in the simulations where (a) the triangles are equilateral having a side length of a, (b) isosceles with sides a and b and (c) the same as in
(a) but with special cases that the stars become triangles.

both negative and positive Poisson's ratio, the exact magnitude of
which is dependent on the shape of the triangles (i.e. on r) and the
angle between the triangles. It also suggests that there are both
continuous and asymptotic transitions between positive and negative
values of ν21. Note that since ν21 = (ν12) − 1, a negative ν21 would also
correspond to a negative ν12 and vice-versa whilst an asymptotic
transition for ν21 would always correspond to a continuous transition
for ν12.
In particular, for a system where r b 1, negative Poisson's ratios ν21
and ν12 are observed in the regions:
0 b θ b 2π−4α

&

−1

2 tan



r cosα + 1
b θ b 2π −2α
r sin α

whilst for r N 1 the range of negative Poisson's ratio ν21 and ν12 are
observed in the regions:


−1 r cosα + 1
π−3α b θ b 2 tan
r sin α

& 2π− 4α b θ b 2π−2α:

It should also be noted that as r → 1, the range between 2π − 4α
+ 1
and 2 tan−1 r cosα
becomes smaller with the result that the range
r sin α
of values of θ where auxetic behaviour is observed increases. In the
limit when r → 1, i.e. when the triangles become equilateral, the
Poisson's ratio will always be equal to −1 for all physically realistic
2π
values of θ (i.e. 0 b θb 4π
3 ) apart from the value when θ = 3 at which
point the Poisson's ratio is undeﬁned.
Note that the change of sign in the Poisson's ratio for ν21 and ν12
can either be a continuous one or an asymptotic one which
corresponds to the structures becoming “locked” for stretching or
compressing in that particular direction.
In particular,
the transition


+ 1
for ν21 that occurs when θ = 2 tan−1 r cosα
is always a continuous
r sin α
one whilst an asymptotic transition for ν 21 occurs when
tan 2α + 2θ →0 that is when θ → 2π − 4α. Note that asymptotic
transitions are particularly interesting since it is at around these

values that one observes maximum auxeticity. Similarly, as illustrated
in Fig. 3, the asymptotic behaviour for stretching in the Ox2 direction


+ 1
corresponds to values of θ where θ = 2 tan−1 r cosα
.
r sin α
It is interesting to note that for r = 1 when α = π /3, these two
transitions would correspond to the point when θ = 3π
2 , i.e. the point
where the Poisson's ratio is undeﬁned since both d εi = 0. In all other
cases, these two transitions would have occurred at different values of
θ which means that if a system becomes locked for stretching or
compressing in one particular direction, then it would have been
possible to surpass that particular value of θ by stretching or
compressing in the orthogonal direction.
3. Simulations of small scale deformations of sheets having star or
triangular shaped perforations
As noted above, if one looks at these systems from the perspective
of the empty spaces between the triangles, then these systems can be
described either in terms of their star shaped perforations, or,
triangular shaped perforations in the special case when θ = π − 2α.
All this suggests that if star or triangular shaped perforations of
appropriate shapes1 are introduced into sheets of conventional
materials in such a way that the resulting system can still mimic, at
least to some extent, the behaviour of “rotating triangles” model, then
it should be possible to achieve an overall negative Poisson's ratio.
To verify our hypothesis, we performed Finite Elements (FE)
simulations, using the ANSYS v12.0 software, of rectangular sheets
made from an isotropic non-crystalline rubbery material having
E = 2 × 106Pa and ν = 0.47 in which we had introduced star or
triangular shaped perforations in a regular fashion as illustrated in
Fig. 4. The dimensions of the sheets (lx × ly) were set to about
1
As noted in Section 2, the sign and magnitude of the Poisson's ratio for systems
built using non-equilateral triangles will be dependent on the shape of the triangles
and the angles between them with the result that only a selection of systems will
exhibit auxeticity.
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Fig. 5. Plots of ν21 against for the system shown in Fig. 4a where a = 5 mm and
s = 0.1 mm, 1 mm, 2 mm, 3 mm and 4 mm as obtained through FE simulations
compared with the analytical model. Note that these systems is meant to mimic
“rotating equilateral triangles”, something which is best achieved for lower values of s
and θ.

60 mm × 60 mm where the exact dimension where chosen in such as
way so as to ensure periodicity. Note that these systems are very
similar to the one in Fig. 2 and in fact, referring to Fig. 4, one should
note that in the limit that s → 0, where s represents the amount of
material between each perforation, then the systems in Fig. 4 reduce
to the connected triangles geometries shown in Fig. 2.
Various simulations were performed based on the systems
illustrated in Fig. 4 namely:
(1) A set of simulations based on the system in Fig. 4a where a was
set at 5 mm with s set as 0.1 mm, 1 mm, 2 mm, 3 mm and 4 mm
whilst θ varied from 30° to 120° in 10° intervals;
(2) Sets of simulations based on the system in Fig. 4b with s set as
0.1 mm, 1 mm, 2 mm, 3 mm and 4 mm, θ set as 30°, 60° and 90°
and r varied in 0.1 intervals within allowed ranges;
(3) A set of simulations based on the system in Fig. 4c with s set as
0.1 mm, 1 mm, 2 mm, 3 mm and 4 mm, θ set to (π − 2α)
radians so as to produce triangular shaped perforations, and r
varied in 0.1 intervals within allowed ranges.
These models were then meshed using PLANE82 elements (an
8 node quadratic element) and solved under the constrain of a 1 mm
displacement in the direction of stretching of an edge perpendicular
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Fig. 7. Plots of ν21 against r for the system shown in Fig. 4c where θ was set to π − 2α and
s = 0.1 mm, 1 mm, 2 mm, 3 mm and 4 mm. Data was obtained by FE simulations and is
compared with the analytical model.

to this direction. This corresponds to applied uniaxial strains of
around 2%. The Poisson's ratios of these systems were then calculated
by averaging the displacements of the nodes at the edges of the model
which were initially parallel to the direction of stretching. These
simulations where then repeated in compression. Note that this
method of measuring strains and these boundary conditions used
have been chosen so as to represent as much as possible what is
occurring in real systems.
The results of these simulations in tension are summarized in
Figs. 5–7 and clearly suggest that these systems can exhibit a wide
range of Poisson's ratio which may be negative (auxetic), positive or
close to zero. It is also worth to note that in some cases, the predicted
positive values of the Poisson's ratio signiﬁcantly exceed the
magnitude of the Poisson's ratio of material used (in this case rubber).
Similar properties where observed in compression.
In particular, if we ﬁrst analyse the data relating to the systems
which resemble the “rotating equilateral triangles”, we note that
when s = 0.1 mm, the Poisson's ratio of these systems tend to values
of − 1 for the smaller values of θ. This conﬁrms that this system is
indeed mimicking the behaviour of the “rotating equilateral triangles”
model. However, we note that even the system with s = 0.1 mm
exhibits signiﬁcant deviations from the idealized scenario as θ
approaches 120°, a property which may be explained by the fact
that in real systems such as the one presented here, the “rotating
triangles” mechanism is accompanied by additional deformation

Fig. 6. Plots of ν21 against r for the system shown in Fig. 4b where s = 0.1 mm, 1 mm, 2 mm, 3 mm and 4 mm and for (a) θ = 30°, (b) θ = 60° and (c) θ = 90° as obtained by the FE
simulations which are compared with the analytical model.
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mechanisms which are not necessarily conducive to negative
Poisson's ratios (e.g. deformations of the triangles themselves). It is
also interesting to note that the systems with θ = 60° corresponds to
systems where the perforation is in the shape of a triangle. Systems
were also found to exhibit auxetic behaviour for s = 0.1 mm, 1 mm,
2 mm and 3 mm.
To explain the loss of auxeticity for systems having large values of s
or θ close to 120° one will need to look at additional deformations
which are taking place in these perforated systems. If one assumes
that these additional mechanisms collectively result in Poisson's ratios
of νextra and Young's moduli Eextra whilst the idealized rotating
triangles has Poisson's ratio of −1 and Young's moduli E deﬁned by
Eq. (2), then the observed Poisson's ratio of the real system, νobs, may
be approximated by:

νobs
νextra 1
= extra −
obs
E
E
E

ð10Þ

Under these approximations, we note that from Eq. (2), E → ∞ as
θ → 120o and thus 1E →0 with the result that νobs → νextra rather than
the value of − 1 predicted for the idealized “rotating triangles” model.
This increase in the Poisson's ratios (i.e. νobs become less negative) as
θ increases is observed for all values of s modelled and may be
explained through similar arguments. It is also interesting to note that
the data in Figs. 5–7 also suggests that as s increases, the Poisson's
ratios become less negative for any given value of θ. This can be
explained by the fact that as s increases, the conformations become
less similar to the idealized “rotating equilateral triangles” mechanism
the system is meant to mimic. Furthermore, we note that the value of s
may be directly related to the magnitude of the stiffness of the hinge
which in turn results in higher values of E thus effectively lowering
the contribution of the “rotating triangles” mechanism. All is in
accordance with the shapes of deformed conformations as simulated
by ANSYS (see Fig. 8).
If we now look at the systems meant to mimic the more general
“rotating isosceles triangles” (Fig. 10) derived above, we note similar

Fig. 8. Plots of the undeformed and deformed shapes as obtained by the FE simulations for (a) s = 0.1 mm, θ = 30°; (b) s = 0.1 mm, θ = 120° and (c) s = 4 mm, θ = 30°.
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trends, with the additional bonus that these systems can exhibit larger
positive or negative Poisson's ratio for conformations in the vicinity of
the “locked structures”. Regrettably, the “giant negative Poisson's
ratios” predicted by the idealized model based on “perfectly rigid
rotating triangles” do not feature signiﬁcantly in the simulations
presented here. This is due to the fact that “giant auxeticity” in the
idealized model would also be accompanied with moduli tending to
inﬁnity with the result that in more realistic systems such as the ones
presented here, the “rotating triangles” mechanism would not remain
an important deformation mechanism. If one looks at the data relating
to the systems with triangular inclusions (Fig. 9), one will note that
once again these behave as expected in the sense that they behave like
particular cases of the systems described above.
Before we conclude, it is important to note that the systems
modelled here represent a highly idealized scenario corresponding to
structures made from a non-crystalline rubbery material having an
inﬁnite thickness z in the third dimension. In reality, the overall
properties of the system will depend on the properties of the material
used in the manufacture of the sheets. More importantly, sheets
having a ﬁnite thickness will tend to deform out of plane, a property
which will affect the Poisson's ratio in the plane, something which as
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discussed elsewhere [47] is particularly true for systems tested in
compression will otherwise fail through puckering.
4. Conclusion
In this work we have derived and discussed analytical expression
for systems constructed from perfectly rigid connected equilateral
triangles which were shown to exhibit a wide range of Poisson's ratios
which can also be negative. We have shown that such systems can be
constructible at any scale and can be used not only to explain
auxeticity in systems which are known to involve rotating rigid units,
but as discussed here, as a “blueprint” for the design of sheets which
are made auxetic by introducing appropriate star or triangular shaped
perforations. We have shown that such systems operate in both
tension and in compression and can achieve a wide range of Poisson's
ratios.
Given the wide range of Poisson's ratios predicted by the model
based on rotating isosceles triangles presented here, the ease by
which such the auxetic perforated systems could be manufactured
and the wide range of applications for auxetics, we hope that this
work will encourage experimentalists to manufacture auxetics based

Fig. 9. Plots of the undeformed and deformed shapes as obtained by the FE simulations for (a) s = 0.1 mm, θ = 60°; (b) s = 2 mm, θ = 60°; (c) s = 4 mm, θ = 60°.
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Fig. 10. Plots of the undeformed and deformed shapes as obtained by the FE simulations for (a) s = 0.1 mm, θ = 30°, r = 0.3 (b) s = 0.1 mm, θ = 30°, r = 0.6 and (c) s = 0.1 mm,
θ = 30°, r = 1.2.

on the models presented here with the hope that we will be one step
closer to the mass-production of auxetics.
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