On the auxetic properties
of rotating rhombi and parallelograms:
A preliminary investigation
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Auxetics exhibit the unusual property of expanding when
uniaxially stretched (negative Poisson’s ratio), a property that
is usually linked to particular geometric features and deformation mechanisms. One of the mechanisms which results in
auxetic behaviour is the one involving rotating rigid units, for
which, systems made from triangles, squares or rectangles
have already been considered. In this work we extend this
study by considering systems which can be constructed from

either connected rhombi or connected parallelograms. We
show that various types of such systems can exist and we discuss in detail the properties of one type of ‘rotating rhombi’
and one type of ‘rotating parallelograms’. We also show that
the Poisson’s ratio of these systems, which can be positive or
negative, is anisotropic and dependent on the shape of the
parallelograms/rhombi and the degree of openness of the system.

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction The way in which a material or
structure deforms when subjected to an applied force, is of
great importance in establishing its properties. Most of the
commonly encountered systems contract in the lateral direction when stretched, and expand laterally when compressed, i.e. they have a positive Poisson’s ratio. However,
in recent years, several studies have been carried out on
materials and structures [1–39] that behave exactly in the
opposite way, i.e., they expand in the lateral direction
when stretched and contract laterally when compressed.
These counter-intuitive systems exhibit a negative
Poisson’s ratio and are commonly referred to as ‘auxetic’
[13].
Real interest in auxetics took off in the late 1980s, following Lakes’ discovery that auxetic foams could be easily
manufactured from conventional open-cell foam [1]. Since
then, extensive research has been done to gain insight into
what makes materials auxetic and how their properties
compare with those of conventional ones. In fact, studies
on auxetic materials show that they have various beneficial
properties for example, a superior ability (compared to
conventional materials) to resist indentation [14, 15], a natural ability to form synclastic curvatures [1] and enhanced

acoustic properties [16, 17]. Such qualities make auxetics
potentially useful in various engineering and practical applications.
It has been found that auxeticity can be described in
terms of the geometry of the system and the deformation
mechanism taking place. This is a scale independent property, i.e. the same mechanism can operate at and lead to
auxetic behaviour at either the macro-, micro-, or nano(atomic) level. Over the years, several geometrical models
that exhibit negative Poisson’s ratios have been proposed,
studied and tested for their mechanical properties. Among
the most important classes of such auxetic structures we
find re-entrant honeycombs (that were the first systems to
be studied in detail [18–20]), chiral honeycombs [21–23]
and rotating rigid/semi-rigid units, in particular rotating
two-dimensional units [24–30].
In this paper we will extend existing studies on rotating
two-dimensional units to discuss the auxetic potential of
systems constructed from rhombi or parallelograms which
are connected together through hinges at their vertices.
Such systems deform in such a way that when uniaxially
stretched, they rotate relative to each other thus potentially
forming more open structures.
© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 1 (a) The ‘rotating squares’ geometry and (b – c) the ‘rotating rectangles’ of
(b) Type I and (c) Type II.

(a)

(b)

(c)

2 Rotating parallelograms and rhombi In recent
years, there have been various investigations on rotating
rigid polygons, in particular rotating squares [24, 25] (see
Fig. 1a), rotating equilateral triangles [28] and rotating rectangles of two different types (Type I, see Fig. 1b, and
Type II, see Fig. 1c) [29, 30]. Mathematical analysis of rotating squares and equilateral triangles models suggests an
isotropic in-plane Poisson’s ratio of –1 [24, 28], irrespective of the dimensions of the squares or triangles. On the
other hand, analysis of the ‘rotating rectangles’ model
shows that the mechanical properties of the system depend
on the way that the rectangular units are connected to each
other, i.e. either as Type I or Type II.
Type I systems, which are systems where the empty
loops between the rectangles are always rhombi, have been
found to be anisotropic with a strain-dependent Poisson’s
ratio that depends on (i) the aspect ratio of the rectangles,
(ii) the angles between the rectangles (i.e. the degree of
openness), and (iii) the direction of loading. For example,
it was shown that the Type I rotating rectangles systems
behave auxetically as they are stretched from the fully
closed configuration until the angle between the rectangles
reaches a critical value (defined by the dimensions of

the rectangles), after which the structure starts to behave
conventionally until a second critical value is reached,
whereupon the structure starts to behave auxetically again
until the system is once again fully closed. In contrast, the
Type II systems were found to be isotropic with a Poisson’s ratio of –1, irrespective of the rectangle dimensions,
the angles between the rectangles and the direction of loading.
It is important to note that although ‘rotating rectangles’ models represent a more general version of the ‘rotating squares’ model (squares can be considered as a particular case of a ¥ b rectangles where a = b , i.e. squares are defined by a single variable, a, whilst rectangles are defined
by two variables, a and b), this is not the only generalisation that can be made. In particular we note that:
(1) the squares can be generalised to rhombi which are
characterised by two variables: a, the length of the sides,
and φ , the internal angle between the sides;
(2) the rhombi can be further generalised to parallelograms (which can also be considered as generalised rectangles) which are defined by three variables: a and b, the
two non-equal sides of the parallelograms and φ , the internal angle between the sides.

Type α rhombi

Type I α parallelograms

Type II α parallelograms

(a)

(b)

(c)

Type β rhombi

Type I β parallelograms

Type II β parallelograms

(d)

(e)

(f)

Figure 2 New ‘rotating rhombi’ and ‘rotating parallelograms’ systems: (a) rotating rhombi of Type α; (b – c) rotating parallelograms
of Type I α and Type II α respectively, (d) rotating rhombi of Type β; (e – f) rotating parallelograms of Type I β and Type II
β respectively.
© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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We note that as was the case with the rectangles, where
two non-equivalent networks could be constructed depending on the connectivity of the rectangles together (the Type
I and Type II, see Fig. 1b and c), when rhombi are connected together at their vertices, one can also obtain two

non-equivalent networks (see Fig. 2a and d) which we
shall henceforth refer to as Type α and Type β where:
– Type α can be described as a structure made from
rhombi having their smaller angle attached with the larger
angle of adjacent rhombi (see Fig. 2a);

(a)

(b)

(c)

(d)

(e)

(f)
Figure 3 Different configurations of the new ‘rotating rhombi’ and ‘rotating parallelograms’ systems at different degree of openness:
(a) rotating rhombi of Type α; (b) rotating rhombi of Type β; (c – d) rotating parallelograms of Type I α and Type II α respectively,
(e – f) rotating parallelograms of Type I β and Type II β respectively.
www.pss-b.com
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– Type β can be described as a structure made from
rhombi having their smaller angle attached with the smaller
angle of adjacent rhombi and the larger angle being attached
with the larger angle of adjacent rhombi (see Fig. 2d).
We also note that when parallelograms are connected
together at their vertices, one can obtain four nonequivalent networks (see Fig. 2), since these systems exhibit both Type I and II as well as Type α and β features
thus obtaining the Type I α (Fig. 2b), Type I β (Fig. 2e),
Type II α (Fig. 2c) and Type II β (Fig. 2f).
It is interesting to note that despite the differences between the various systems (for example, we note that the
fully closed conformation of the Type α rotating rhombi is
space filling whilst that of Type β is not), these networks
have an important property in common: both nonequivalent ‘rotating rhombi’ networks and the four nonequivalent ‘rotating parallelograms’ may deform through
relative rotations of the polygons, a deformation mechanism which in some cases may result in auxetic behaviour
(see Fig. 3). In view of this, it is important to investigate
analytically, numerically and experimentally the behaviour
of these configurations.
In this work we analyse in detail the properties of the
Type α ‘rotating rhombi’ and the Type II α ‘rotating parallelograms’. In particular, analytical expressions relating
on-axis and off-axis mechanical properties to the geometrical features of the parallelograms and rhombi are derived,
thus obtaining a better understanding of the auxetic potential of these systems.
3 Analytical model for the ‘Type II a’ rotating
parallelograms and the ‘Type a’ rotating rhombi
3.1 The on-axis properties of the ‘Type II a’ rotating parallelograms In this section we shall first derive analytical expressions for the Type II α rotating parallelograms illustrated in Fig. 2c. This system can be described by a rectangular unit cell, made up of two hinged
parallelograms at an angle θ to each other that are translated mirror images of each other as illustrated in Fig. 4.
Each of these parallelograms has side lengths a and b, and
internal angles φ and π - φ .
We shall be assuming that the parallelograms are perfectly rigid (i.e. a, b and φ do not change when the structure is subjected to a load), and that they are connected together by hinges having a stiffness constant K h (i.e. idealised ‘rotating rigid parallelograms model’) where K h relates the induced moment M to the change in the angle dθ
through the equation:
M = K h dθ .

(1)

Thus, since the parameters a, b, φ and θ completely define
the in-plane dimensions of the unit cell shown in Fig. 4,
and a, b and φ are assumed to be constants in this derivation, the shape and size of the unit cell of this system is a
function of the single variable θ .
© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 4 Parameters that define the parallelograms and the unit
cell.

This system has an infinite on-axis shear modulus and
also zero on-axis shear coupling coefficients. Thus, its mechanical properties are completely described by the 3 × 3
compliance matrix S which has 4 non-zero elements, and is
therefore defined by
ν
Ê 1
- 21 0ˆ
Á E1
˜
E1
Ê s11 s12 0ˆ Á
˜
1
ν 12
Á
Á
˜
(2)
S = s21 s22 0 = 0˜ ,
˜
Á
˜ Á E2
E2
Ë0
0 0¯ Á
˜
0
0˜
Á 0
ÁË
˜¯
where E1 and E2 are the on-axis Young’s moduli whilst ν 12
and ν 21 are the on-axis Poisson’s ratios. Thus, to derive the
mechanical properties of the Type II α rotating parallelograms system, it suffices to derive analytical expressions
for the on-axis Poisson’s ratios and Young’s moduli1.
Referring again to Fig. 4, and assuming a thickness z in
the third dimension, the projections of the unit cell in the
Ox1 , Ox2 and Ox3 directions (which are equal to the unit
cell dimensions) are given by
θ +φ ˆ
X 1 = 2a sin Ê
,
Ë 2 ¯
θ + (π - φ ) ˘
Êθ -φ ˆ
X 2 = 2b sin ÍÈ
˙˚ = 2b cos Ë 2 ¯ ,
2
Î
X3 = z .

(3)

3.1.1 The on-axis Poisson’s ratios Since we are assuming that the parallelograms are rigid, it follows that a, b
and φ are constants, and infinitesimally small strains dε i in
1

Note that the two Young’s moduli and the two Poisson’s ratios are not
-1
independent of each other since s12 = s21 whilst ν 12 = ν 21 as discussed
below. This suggests that the mechanical properties of this system are
solely described by two independent constants, a property which is a direct consequence of the fact that the model geometry has only one degree of freedom.
www.pss-b.com
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the Oxi directions can be obtained in terms of an infinitesimal change dθ in the angle θ , i.e.
dε i =

dX i
1 dX i
=
dθ .
Xi
X i dθ

nising that the energy stored in a unit cell due to a small
strain dε1 must be equal to the work done by the four
hinges per unit cell of the system, the Young’s modulus E1
for loading in the Ox1 direction is given by

(4)

θ
sin Ê
Ë
dε
ν 12 = (ν 21 ) -1 = - 2 =
dε1 cos Ê θ
Ë

E1 =

-φ ˆ
θ +φ ˆ
sin Ê
¯
Ë
2
2 ¯
θ +φ ˆ
-φ ˆ
cos Ê
Ë 2 ¯
2 ¯

θ -φ ˆ
θ +φ ˆ
= tan Ê
tan Ê
.
Ë 2 ¯
Ë 2 ¯

θ -φ ˆ
4 K h cos Ê
Ë 2 ¯
.
E2 =
θ -φ ˆ
θ +φ ˆ
abz sin 2 Ê
sin Ê
Ë 2 ¯
Ë 2 ¯

3.1.2 The on-axis Young’s moduli The Young’s
modulus, E1 along the Ox1 direction can be derived from an
energy approach, using the procedure outlined elsewhere
[29]. In particular, for loading in the Ox1 direction, recogn12
n21
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where K h is the spring constant associated with the θ -hinges
and z is the thickness in the third dimension. Similarly, the
Young’s modulus E2 along the Ox2 direction is given by

(5)

Region of negative Poisson’s ratio

-2

4 K h X 1 Ê dX 1
2
dθ ˆ (dθ )
¯
X 2 X 3 Ë dθ
θ +φ ˆ
4 K h sin Ê
Ë 2 ¯
,
=
θ -φ ˆ
Ê
2 Êθ +φ ˆ
cos
abz cos
Ë 2 ¯
Ë 2 ¯

Thus, the Poisson’s ratios ν 12 and ν 21 can be obtained after
differentiating Eqs. (3) and substituting the resulting expressions into Eq. (4) to obtain:

375
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90o

q

(f)

Figure 5 On axis Poisson’s ratios and Young’s moduli plotted against θ for different values of φ in the case of rotating parallelograms
of Type II α. The sides of the parallelograms are taken to be a = 3 and b = 1 in all cases.
www.pss-b.com
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Typical plots of the on-axis Poisson’s ratios and Young’s
moduli against θ for this system are shown in Fig. 5. These
clearly suggest that such systems can exhibit auxetic behaviour for some, but not all, values of θ.
3.2 The on-axis properties of the ‘Type a’ rotating rhombi Type α rotating rhombi may be considered as

a special case of the Type II α rotating parallelograms,
where the sides are of equal length, i.e. a = b . In this case,
the Poisson’s ratios are given by the same expression as for
the rotating parallelograms, since these are independent of
both a and b (see Eq. (5)) whilst the Young’s moduli E1
and E2 are given by Eqs. (6) and (7) respectively, with b
being replaced by a. In other words, the moduli differ only
by a scaling factor.

3.3 The off-axis mechanical properties Using standard techniques [39], the off-axis values for the Poisson’s ratio, Young’s and shear moduli can be shown to be equal to
θ -φ ˆ
θ +φ ˆ
cos Ê
sin Ê
Ë
¯
Ë
K
4
2
2 ¯
h
,
E1ζ =
2
abz È
Ê θ - φ ˆ cos Ê θ + φ ˆ cos 2 ζ - sin Ê θ - φ ˆ sin Ê θ + φ ˆ sin 2 ζ ˘
cos
(
)
(
)
ÍÎ
˙˚
Ë 2 ¯
Ë 2 ¯
Ë 2 ¯
Ë 2 ¯
θ -φ ˆ
θ +φ ˆ
θ -φ ˆ
θ
cos Ê
cos Ê
sin 2 (ζ ) - sin Ê
sin Ê
Ë 2 ¯
Ë 2 ¯
Ë 2 ¯
Ë
ν =
θ -φ ˆ
θ +φ ˆ
θ -φ ˆ
θ
sin Ê
sin Ê
sin 2 (ζ ) - cos Ê
cos Ê
Ë 2 ¯
Ë 2 ¯
Ë 2 ¯
Ë
ζ
12

4Kh
G =
abz sin 2 ( 2ζ )
ζ
12

4 Discussion The plots illustrated in Fig. 5 show that
the on-axis Poisson’s ratio for Type II α parallelograms
can be both negative and positive depending on the value
of θ that can range in the interval [0, π ] . Provided that
φ π π/2 (a situation which is treated later on), we note that
since the Poisson’s ratio may be written as
-1

(8)

θ +φ ˆ
θ -φ ˆ
sin Ê
cos Ê
Ë 2 ¯
Ë 2 ¯
,
cos 2 (φ )

ζ being the angle between the original Oxi axis and the
transformed axis.

ν 12 = (ν 12 ) = -

+φ ˆ
cos 2 (ζ )
2 ¯
,
+φ ˆ
cos 2 (ζ )
2 ¯

dε 2
Ê 1 dX 2 ˆ Ê 1 dX 1 ˆ
= -Á
Ë X 2 dθ ˜¯ ÁË X 1 dθ ˜¯
dε 1

dX
dX
= -Ê 2 ˆ Ê 1 ˆ
Ë d θ ¯ Ë dθ ¯

-1

X1
,
X2

from which it follows that either

θ +φ ˆ
cos Ê
>0
Ë 2 ¯

and

θ -φ ˆ
- sin Ê
>0
Ë 2 ¯

(12a)

θ +φ ˆ
cos Ê
<0
Ë 2 ¯

and

θ -φ ˆ
- sin Ê
<0 .
Ë 2 ¯

(12b)

or

In terms of angles, these conditions reduce to either

-1

0 <θ +φ < π

and

-2π < θ - φ < 0

(13a)

or
(9)

π < θ + φ < 2π

and

0 < θ - φ < 2π .

(13b)

Since the allowed values of θ must lie between 0 and
π to avoid overlap of the parallelograms, it turns out
-1
that the Poisson’s ratio is negative in the regions,
Ê dX 2 ˆ Ê dX 1 ˆ X 1
(10) 0 < θ < min (φ , π - φ ) and max (φ , π - φ ) < θ < π, i.e. the
ÁË dθ ˜¯ ÁË dθ ˜¯ X > 0 .
2
Poisson’s ratio is
– negative in the region 0 < θ < θ1 ,
However, since the unit cell lengths are always positive, i.e.
– positive in the region θ1 < θ < θ 2 , and
X i > 0 , this condition reduces to the requirement that the
– negative in the region θ 2 < θ < π ,
derivatives with respect to θ be such that they have the
where
same sign, i.e. either
then for negative Poisson’s ratios we require that

dX 1
>0
dθ

and

dX 1
<0
dθ

and

dX 2
>0
dθ

(11a)

dX 2
<0,
dθ

(11b)

or

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

θ1 = min (φ , π - φ )

and θ 2 = max (φ , π - φ ) .

(14)

This suggests that the structure is initially auxetic as it is
stretched from its first fully closed configuration until the
angle of deformation reaches a value of θ1 = min (φ , π - φ ) .
Beyond this value, the structure behaves conventionally up
to θ 2 = max (φ , π - φ ) , after which the structure starts to
www.pss-b.com
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behave auxetically again until the second fully closed configuration is reached at θ = π .
The points at which the Poisson’s ratio changes sign
are of interest. One of these points occurs when θ = φ , at
which point dX 2 /dθ = 0 . Since this term is found in the
numerator of ν 12 , this Poisson’s ratio changes sign by going
smoothly through zero. Furthermore, since it is also in the
denominator of ν 21, this Poisson’s ratio changes sign discontinuously (by diverging to -• on one side and to +• on the
other side). In terms of the structure, this case corresponds to
the sides of length b being all aligned in the vertical direction. In such a configuration, the Young’s modulus E2 along
the vertical direction becomes infinite (dX 2 /dθ is also found
in the denominator of E2 ) as in this conformation, any force
applied along the Ox2 direction would be acting along an inextensible line and would not be able to produce any moments that are necessary for the parallelograms to rotate
(Fig. 6a). It is important to note that conformations where
the Poisson’s ratio changes sign asymptotically are of particular practical interest since such configurations exhibit giant negative or positive Poisson’s ratios.
The other point at which the Poisson’s ratio changes
sign occurs when θ = π - φ . In this case, dX 1/dθ = 0 , and
since this term is found in the denominator of the expression for ν 12 , this Poisson’s ratio tends to infinity as it changes sign discontinuously, diverging to -• on one side and
to +• on the other side. For the structural configuration
corresponding to this value of θ , all sides of length a are
aligned horizontally to form an incompressible line so that
a force exerted along the Ox1 does not generate any moments (Fig. 6b). Similar to the previous case, this makes
the Young’s modulus E1 diverge to infinity (dX 1/dθ is also
found in the denominator of E2 , see Eq. (6)).
The case when φ = π/2 , i.e. the point when the ‘Type II
α rotating parallelograms’ structure reduces to the ‘Type II
rotating rectangles’, is also of particular interest since it
can lead to a situation when both dX 1/dθ = 0 and
dX 2 /dθ = 0 resulting in the condition where in Eq. (5) we
have a zero divided by zero. This situation occurs when
θ = φ = π - φ = π/2 , i.e. when the ‘Type II rotating rectangles’ structure is ‘fully open’, a conformation when both

φ

θ = π −φ
θ =φ
(b)

2
Ê θ RI ˆ
cos 2 Á
- (b RI ) sin 2
Ë 2 ˜¯
=
RI
2
2
(a RI ) sin 2 ÊÁË θ2 ˆ˜¯ - (bRI ) cos 2

(a )

RI 2

ν 12RI = (ν 21RI )

-1

Ê θ RI ˆ
ÁË 2 ˜¯
Ê θ RI ˆ
ÁË 2 ˜¯
(15)

φ=

φ

(a)

sides of the rectangles are aligned either vertically or horizontally as shown in Fig. 6c. In this case both on-axis
Young’s moduli are infinite since a force applied along the
Ox1 or Ox2 axis would be once again acting along an inextensible line with no moment being induced. This means
that the structure is locked in both directions. We also note
that for all other values of θ, the Poisson’s ratios in Eq. (5)
reduces to –1 when φ = π/2 , as expected from the Type II
rotating rectangles model [30].
Another interesting property of the Type II α rotating
parallelograms systems that can be noted from the on axis
Figs. (Fig. 5) is the symmetry about θ = π/2 that exists between v12 and ν 21. Effectively, if in Eqs. (5)–(7) we substitute θ by π - θ , we find that v12 is changed to ν 21 while E1 is
changed to E2 and vice versa. This means that replacing θ by
π - θ is equivalent to applying a rotation of π/2 to the structure. A similar thing happens if φ is replaced by π - φ . In
this way changing both θ by π - θ and φ by π - φ would be
equivalent to rotating the structure by π around the Ox3 axis.
Contrary to this, nothing changes if we interchange a and b.
The analysis carried out so far indicates that the behaviour of the Type II α rotating parallelograms is much different from that observed for Type II rotating rectangles, in
that the on-axis Poisson’s ratio of Type II rotating rectangles are always equal to –1. In fact, it is interesting to note
that the behaviour of Type II α rotating parallelograms is
much more similar to that encountered with rotating rectangles of Type I, despite the fact that the Type II α can be
considered as a general case of the Type II rotating rectangles. This similarity between Type II α rotating parallelograms and the structurally different Type I rotating rectangles goes beyond just being qualitative. In fact taking the
equations for the Poisson’s ratio for the Type I rotating
rectangles given by Grima et al. [29] as

π
2

θ = φ = π −φ =

π
2

(c)

Figure 6 Configuration for the Type II α rotating parallelograms at which the Young’s moduli along the (a) Ox2 and (b) Ox1 direction
are infinite. Note that in (c), the case where the parallelograms become rectangles (the Type II rectangles), the structure will have infinite Young’s moduli simultaneously in the Ox1 and Ox2 directions.
www.pss-b.com
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with a RI and b RI being the length of the sides of the rectangle and θ RI the angle between the rectangles, they can be
rewritten in a form that is mathematically similar to the
equations obtained for rotating parallelograms of Type II α,
i.e. as
-1
Ê θ RI - 2 χ ˆ
Ê θ RI + 2 χ ˆ
ν 12RI = (ν 21RI ) = tan Á
tan
˜¯
ÁË
˜¯ ,
Ë
2
2

(16)

where χ is given by
Ê a RI ˆ
χ = tan -1 Á RI ˜ .
Ëb ¯

(17)

The angle χ can be related to the structure as shown in
Fig. 7.
Thus, we see that mathematically, to go from the equation for the Poisson’s ratio of the Type II α rotating parallelograms to that of the Type I rotating rectangles, we just
have to substitute φ with 2χ . Then, all the on-axis properties shown by ν 12 for the Type II α rotating parallelograms
will also be shown by ν 12RI for the Type I rotating rectangles. In particular, the Type I rotating rectangles also
show a similar “ θ ” dependence of the Poisson’s ratio,
where we find that the system is auxetic for 0 < θ RI < θ1RI ,
conventional for θ1RI < θ RI < θ 2RI and again auxetic for
where
and
θ 2RI < θ RI < π,
θ1RI = min (2 χ , π - 2 χ )
RI
θ 2 = max (2 χ , π - 2 χ ) . The only difference is found in
the geometric configurations which correspond to the angles where the change of sign of the Poisson’s ratios takes
place since:
– In the case of Type I rotating rectangles the angles
θ1RI and θ 2RI correspond to situations when the diagonals of
the rectangles are aligned parallel to one of the Oxi axis as
indicated in Fig. 8.
– In the case of the Type II α rotating parallelograms
the angles θ1 and θ 2 correspond to situations where the
sides of the parallelograms are aligned to one of the Oxi
axis as indicated in Fig. 6.
It is important to note that the analysis carried out so
far on the rotating parallelograms of Type II α applies also
to the rotating rhombi of Type α. The reason for this is that
the equation for the Poisson’s ratio of Type α rotating
rhombi is the same as that of Type II α rotating parallelograms, while the equations for the Young’s and shear
moduli of these two structures defer only by a multiplicative factor and this has no significant effect on the structural behaviour.

χ

b RI

a RI
Figure 7 Relation between χ and the sides of the rectangles of
Type I rotating rectangles.
© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

Figure 8 Two configurations where the rotating rectangles of
Type I have infinite Young’s modulus along (a) the Ox1 direction
and (b) the Ox2 direction. This occurs because one of the diagonals of the rectangles is aligned along one of the Oxi axes. Note
that in the special case when rectangles become squares, these
two configurations reduce to one at θ = π/2.

Furthermore, it is also important to note that the off
axis Poisson’s ratio ν 12ζ (Eq. (8)) suggests that like the onaxis Poisson’s ratios, ν 12ζ is independent of the lengths of
the sides of the parallelogram i.e. on a and b but depends
solely on the angles θ and φ and also on the direction of
loading (i.e. ζ ). This is very significant as it highlights the
fact that, like other models that result in negative Poisson’s
ratios, the auxeticity is a scale independent property and
thus, these systems can be constructed at either the macroscale, the microscale or even the nanoscale. We also note
that these models provide us with new tools that can help
us gain further insight on how real materials function.
5 Conclusion This work considers a generalisation of
the rotating squares and rotating rectangles models to
quadrilaterals having the shape of rhombi or parallelograms. We showed that two different types of structures
can be constructed when the squares are replaced by
rhombi of the same size, depending on the connectivity. It
was also shown that if the rhombi are attached such that
the small angle is connected with the big angle of adjacent
rhombi and vice versa, a space filling structure is attained,
and this configuration was termed Type α rotating rhombi.
On the other hand, if the rhombi are attached such that like
angles of adjacent rhombi are connected to each other, a
non space filling structure termed Type β rotating rhombi
is obtained. We also considered systems made from connected parallelograms of the same size (which can be considered as ‘generalised rotating Type α or Type β rhombi’
or ‘generalised rotating Type I or Type II rectangles’. We
found out that it is possible to obtain four possible configurations in the case of rotating parallelograms, the Type I α,
Type II α, Type I β and Type II β. A detailed mathematical
model describing the behaviour of the Type α rotating
rhombi and Type II α rotating parallelograms when deforming through hinging (i.e. relative rotations of the polygons) was derived, and this showed that the equation for
the Poisson’s ratio for these two structures has the same
form, while those for the Young’s and shear moduli differ
www.pss-b.com
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only by a multiplicative factor. Further analyses indicates
that these structures can have both negative and positive
Poisson’s ratios and the region of transition between negative and positive can show giant Poisson’s ratio since its
value can diverge to +• on one side and to -• on the
other. It was also shown that the magnitude of the Poisson’s ratio is dependent on the shape of the parallelograms/rhombi, in particular on the internal angle of the
parallelograms/rhombi, the angle between the parallelograms/rhombi (i.e. Poisson’s ratio is strain dependent) and
the direction of loading. It was also shown that the behaviour of the Type II α rotating parallelograms is similar to
that of the Type I rotating rectangles even though they are
structurally diverse while, on the other hand, it is very different from Type II rotating rectangles that are structurally
similar to the rotating parallelograms of Type II α.
All this is very significant, not only because we have
extended the existing corpus of knowledge on auxetic systems made from rotating 2D rigid units, but also because
this work can be of help to other scientists working in the
field who may make use of the work described here to synthesise or manufacture new auxetic structures or materials
which mimic the behaviour of these novel systems, or to
help explain the auxetic behaviour of naturally occurring
auxetics.
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