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a-cristobalite is a metastable polymorph of silica which has the
remarkable property of exhibiting a negative Poisson’s ratio
(auxetic). In this study, the mechanical properties and
deformation mechanisms of this system were investigated
through a force-field based approach. Besides simulations on
the actual structure of a-cristobalite, a number of simulations
where the rigidity of SiO2 tetrahedra was increased, were also
conducted. This was done in order to obtain a clearer picture of

the role which these tetrahedra play in determining the
mechanical properties of this system. These systems were
loaded in an off-axis direction in a number of planes about the
[001] direction and the deformations observed were compared
with those of type II rotating rectangle systems. It was
discovered that the mechanical properties of a-cristobalite can
be accurately described through the semi-rigid version of this
model, even for cases where the tetrahedra were fully rigid.

� 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction The metastable polymorph of silica,
a-cristobalite, has received a significant amount of interest
in recent years due to its auxetic behaviour [1–10]. The term
‘auxetic’ is used to describe materials with a negative
Poisson’s ratio [11–14], i.e., systems which expand laterally
on application of a uniaxial load. It is generally accepted that
this property arises primarily from the specific geometry of
the system along with its deformation mechanism. Thus
auxeticity is thought to be scale independent, as observed
from a variety of macro-scale [15–35], micro-scale [36–39]
and nano-scale [40–48] auxetic systems.

One popular approach employed by researchers for the
design of novel auxetic systems is to study existent real
systems known to have a negative Poisson’s ratio and then
extrapolate their deformation mechanisms to design new
metamaterials with similar properties at similar or different
scales. a-Cristobalite is of particular interest in this regard
since both experimental and molecular modelling techni-
ques show that it exhibits auxeticity in multiple on-axis and
off-axis planes [1–10] as well as in its polycrystalline
aggregate form [1].

Numerous attempts have been made to explain this
phenomenon in a-cristobalite in terms of its molecular level

deformations. In particular, Alderson et al. have proposed a
mechanism based on concurrent rotations and dilations of
the SiO4 tetrahedra which can successfully explain the on-
axis Poisson’s ratios of these systems [4–7]. Grima and co-
authors [9, 10] have also proposed an alternative hypothesis
in which they explained the auxetic behaviour in the (100)
and (010) planes of a-cristobalite in terms of a rotating
rectangles model. The rectangles in this model represent the
two-dimensional projection of the three-dimensional frame-
work in these two planes [9, 10]. Even though these models
elucidate the types of deformations that are taking place at
the molecular level, there is still a need for further studies in
order to obtain a more comprehensive picture of the
behaviour of a-cristobalite. In particular, it should be noted
that Grima’s ‘rotating rectangles’ model [9], which was
designed to explain the auxetic behaviour in the (100) and
(010) planes, needs to be analysed in more detail with
respect to off-axis deformations since auxeticity is not
limited to these two planes, but is in fact found in any plane
about the [001] direction, with maximum auxeticity
occurring at 458 to the [001] direction.

In view of this, the current work provides a more
comprehensive picture of the behaviour of a-cristobalite by
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investigating the deformations that occur when it is loaded
in the off-axis planes of maximum auxeticity. In addition, an
attempt is also made to explain these deformations in terms
of the rotating rectangles model, whilst relating its merits to
the more traditional model based on concurrent rotations
and dilations of the SiO4 tetrahedra.

2 Method All simulations were performed using the
Cerius2 V4.1 molecular modelling package. The crystal
framework was aligned such that the [001] direction was
parallel to the z-global axis while the [010] direction was
oriented in the (100) plane. These alignments were set as
constraints during all simulations. For each force-field used,
geometry optimisations were performed to the default
Cerius2 high convergence criteria. To minimise symmetry
constraints, the space group of the system was set to P1. The
elastic constants were calculated using the second derivative
of the energy expressions.

2.1 Simulations of the deformations for loading
in the non-major planes Force-field based energy
expressions were first set up using the Compass and CVFF
300 force-fields modified with all non-bond terms being
summed up using the Ewald summation technique [49].
These force-fields were chosen since a previous study has
shown that these force-fields can accurately reproduce the
experimentally measured mechanical properties of a-
cristobalite [9].

The Poisson’s ratios in the (100) plane and other planes
which pass through the [001] direction were then calculated
using standard axis transformation techniques [50]. In
addition, a series of geometry optimisations were conducted
in which the system was subjected to both positive and
negative uniaxial stress in particular directions in planes
passing through the [001] direction.

In particular, the stresses applied were in the form:
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where z, the in-plane rotation, was set to 458 so as to load in
the directions of maximum auxeticity. z0 was set to 08
(corresponding to stresses being applied in the (100) plane),
158, 308, 458, 608 and 908 (corresponding to stresses being
applied in the (010) plane).

Referring to Fig. 1, for each system minimised under an
applied load, various lengths and angles corresponding to
the quadrilaterals ABCD in the (100) plane and A0B0C0D0 on
the (010) plane were measured. These measurements were
used to extrapolate the changes of these parameters (either

as absolute values in the case of angles, or as percentage

changes in the case of lengths) per E
E45
Z ðCVFFÞ

h i
GPa applied

stress, where E45
Z ðCVFFÞ is the Young’s modulus for

loading at 458 off-axis in the (100) plane, as simulated by the
CVFF force-field. This was done so as to modulate the
results.

2.2 Simulations of the deformations for hypo-
thetical a-cristobalite systemswhere the tetrahedra
have different extents of rigidity Additional energy
expressions for each crystal were set up using modified
versions of the CVFF force-field with non-bond terms added
using the Ewald summation technique [49] in which the
original terms in the CVFF force-field for the Si–O bond
stretching (VSTR) and O–Si–O angle bending terms (VBEND)
were modified to:

VSTRM ¼ VSTR þ 1
2
k
�
STR l� lminð Þ2; ð2Þ

VBENDM ¼ VBEND þ 1
2
k
�
HING u � uminð Þ2; ð3Þ

where lmin and umin are the respective values of l and u as
minimised by the original CVFF force-field whilst k

�
str and

k
�
hing, the added stiffness constants, were given values of 0,
100, 500, 5000 and 999,999 kcal Å�1 and kcal rad�2,
respectively. The magnitudes of k

�
str and k

�
hing were the same

at all times, so the term k� will be used to represent them
collectively. Thus, when k� represents the force constant of a
bond length it bears the units kcal Å�1, while when it
represents the force constant of a bond angle it bears the units
kcal rad�2. These modified equations permit the control of
the extent of rigidity of the SiO4 tetrahedra through the value
of the k� parameters. The resulting systems are such that
when k� ¼ 0, the system will be equivalent to that obtained
using the original CVFF force-field, while the systems with
k� ¼ 100, 500 and 5000 have tetrahedra which are
increasingly more rigid than predicted by the CVFF force-

Figure 1 The parameters relating to the type II rotating rectangles
measured for a-cristobalite in the (100) and (010) planes,
respectively.
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field proper. The system when k� � 1,000,000, this being the
maximum value permitted by the program, represents a
system in which the tetrahedra may be assumed to be fully
rigid. This system will be henceforth referred to as the fully
rigid system.

3 Results and discussion
3.1 Simulations using original CVFF and

COMPASS force-field The mechanical properties as
simulated from the original CVFF and COMPASS force-
fields confirm that a-cristobalite exhibits negative Poisson’s
ratio with maximum auxeticity of equal magnitudes being
exhibited for loading at 458 to the [001] directions, as shown
in Fig. 2. Such properties result from the symmetry of a-
cristobalite (P41212), and are also observed in the results of
the experimental work [1]. A similar deformation profile
was also observed for loading in off-axis directions in the
off-axis planes.

In an attempt to obtain a quantitative picture of the
deformation in the (100) and (010) plane for loading in
the (100), (010) and off-axis planes, the measurements of
the various lengths and angles (Fig. 1) corresponding to the
quadrilaterals ABCD in the (100) plane and A0B0C0D0 in the
(010) plane were compared. Two rectangles were studied
since each unit cell projects as two ‘rectangles’ in the (100)
and in the (010) planes each.

Figure 3 clearly shows that irrespective of the plane of
loading, there is a rotation of the projected rectangles in the
(100) and (010) planes. From this analysis it may easily be
noted that in all systems:

(1) The change in the angles u1 and u2 between the
quadrilaterals ABCD in the (100) plane and that of u10

and u20 between the quadrilaterals A0B0C0D0 in the (010)
plane is larger than that observed in the internal angles
of the individual quadrilaterals.

(2) In both the (100) and (010) planes, irrespective of the
plane in which a-cristobalite is being loaded (i.e.
independently of the value of z0), one of the projected
rectangles in each plane changes its dimensions to much

lesser extent than the other rectangle. In other words, the
two projected rectangles in each of the (100) and (010)
planes are not equivalent to each other.

All this confirms that the molecular level deformations
in the systems considered here can be explained in terms of
‘rotating semi-rigid rectangles’ which are projected in the
(100) and (010) planes, and that this model can be
constructed from two rectangles per unit cell, where the
rigidity of one of the rectangles needs to be less than that of
the other. It should be noted that a load in the (100) plane
will not only cause the projected rectangles in the (100)
planes to rotate relative to each other, but also cause a
relative rotation of the projected rectangles in the (010)
plane. This effect is very likely to be due to the three-
dimensional connectivity of the system.

3.2 Simulations using the modified CVFF force-
field In an attempt to explain the observation that a load in
the (100) and off-axis planes will also cause rotation of the
projected rectangles in the (010) plane and vice-versa,
additional simulations were performed using modified
force-fields as discussed in the Methodology section. The
O–Si–O angles were made increasingly more rigid, with the
system with maximum rigidity (k� � 1,000,000) corre-
sponding to a system which deforms solely via rotation of
the tetrahedra, as described by the rotating tetrahedral model
proposed Alderson et al. [4–7].

An analysis of the measurements pertaining to the
projected ‘rectangles’ (Fig. 4) for loading in the on-axis
planes suggests that, as the tetrahedral units become more
rigid the behaviour of the two projected rectangles in each of
these planes becomes more similar, until it is almost
identical when the system is fully rigid. The extent of the
deformation observed for the same amount of loading is
naturally reduced as the system becomes more rigid. Here it
should be emphasised that the projected rectangles in the
fully rigid system are not perfectly rigid as shown by the
measurements displayed in Fig. 4. In fact, the simulated off-
axis plots (Fig. 5) in the (100) and (010) planes for this
system is not as expected for the type II rotating rectangles
model, i.e. an isotropic Poisson’s ratio of �1 is not
observed.

The increased rigidity of the tetrahedra affects the off-
axis Poisson’s ratio plots in the (100) and (010) planes. With
increased tetrahedral rigidity, the Poisson’s ratio is observed
to:

(1) become less anisotropic in the sense that it tends to �1
in both planes,

(2) lose its characteristic rotational symmetry of order
approximately 4 that is observed in the polar plots for
a-cristobalite proper, and gain one of order 2.

It is also important to point out that as the tetrahedra
become more rigid, the internal angles of the projected
‘rectangles’ are observed to be closer to the value of 908.

Figure 2 The experimental [1] and simulated Poisson’s ratios
(nyz) confirm that a-cristobalite exhibits negative Poisson’s ratios,
with a maximum auxeticity of equal magnitudes being exhibited
for loading at 458 to the [001] directions. In each of these cases, for
all directions about the [001] direction, the profile of the off-axis
plot is identical.
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Despite all this, one may still observe that in the (100)
and (010) planes, maximum auxeticity is measured in an off-
axis direction (Fig. 5). Here one should mention that the line
which joins the corners of two opposite connected
rectangles is also in an off-axis direction. This direction
is a direction of maximum auxeticity in unmodified

a-cristobalite. On increasing the rigidity of the tetrahedra,
the direction of maximum auxeticity is shifted.

Also, in all simulations, a load in the (100) plane was
observed to cause a rotation (and other deformations) of the
projected rectangles in both the (100) and (010) planes. In
fact, the simulations suggest that as the extent of rigidity

Figure 3 Quantitative measures of the deformation of the quadrilaterals ABCD in the (100) and A0B0C0D0 in the (010) plane where each
unit cell projects as two ‘rectangles’ labelled 1 and 2, as detailed in Fig. 1. These measurements were obtained using the CVFF force-field.

Figure 4 Quantitative measures of the deformation of the quadrilaterals ABCD in the (100) plane and A0B0C0D0 in the (010) plane where
each unit cell projects as two ‘rectangles’ labelled 1 and 2 as detailed in Fig. 1, for the modified CVFF force-fields with k* having a value
of 999,999.
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increases when loading in the (100) plane, the projected
rectangles in the (100) plane always behave more like ‘rigid
rectangles’ than the projected rectangles in the (010) plane,
and vice versa. This trend shifts gradually as z0 increases
from 08 to 908, i.e. moving the load from the (100) to the
(010) plane. It is also interesting to note that as z0 approaches
458, the deformations of the rectangles in both the (100) and
(010) planes tend to become more similar (something which
is best observed for the rigid tetrahedra).

Here, it is appropriate to compare and contrast these
results with those obtained by Grima et al. for the silicates
which are equivalent to NAT, THO and EDI [51]. In this
analysis, one should note that in the case of the NAT-type,
THO-type and EDI-type frameworks, the fully rigid systems
exhibit behaviour where the projected squares in the (001)
plane behave in a quasi-rigid manner, and exhibit the
required in-plane isotropic Poisson’s ratio of �1. In other
words, in the case of zeolites with the NAT-type framework,
the rotations of the tetrahedra become fully equivalent to the
‘rotating rigid squares’model projected in the (100) plane of
the zeolites (the projected squares in the (100) plane
remained perfectly rigid as the systems were loaded in a
directions of maximum auxeticity). However, in the case of
a-cristobalite the type II rotating rigid rectangles model is
not sufficient to describe the deformations in all planes. This
deviation is due to the three-dimensional nanostructure of a-
cristobalite, which differs significantly from that of the
frameworks of zeolites in the NAT group. In fact, in the case
of a-cristobalite, it should be emphasised that the columnar
structure which projects as one set of rectangles in the (100)
plane will in fact incorporate the Si–O–Si hinges which
correspond to the soft hinges between the projected
rectangles in the (010) plane. As highlighted above, a
load in the (100) plane will cause a rotation of the projected
rectangles in both the (100) and (010) planes, as well as a
deformation of the internal angles of the projected
rectangles in both planes (although not to the same extent).
The rectangles in a-cristobalite cannot be perfectly rigid
since the same atoms which constitute the Si–O–Si hinges in
either plane form the internal angles in the other plane. This
makes the observation of the ‘rotating semi-rigid’ rectangles
mechanism in a-cristobalite even more remarkable.

If one now looks at the Poisson’s ratio profiles in the
non-major planes, particularly the planes which pass
through the [001] direction but are not the (100) or (010)
planes, one may note that the loss of the characteristic
rotational symmetry of order approximately 4 to one of
rotational symmetry of order 2 is much more evident in
the non-major planes than in the major planes. This
means that the planes passing through the [001] direction
are no longer equal as in the case of naturally occurring
a-cristobalite.

Here, it should be noted that an approximate rotational
symmetry of order 4 in unrestrained a-cristobalite means
that the properties for loading in any direction in a particular
plane are roughly similar to those observed for loading in an
equivalent direction in a second plane which is at 908 to the
original direction (Fig. 5). The loss of order of such
rotational symmetry was also predicted by the rotating
tetrahedra models by Alderson et al. [5], who showed that
nzy ¼ nyz

� ��1 6¼ nyz, a property which is only observed
slightly in a-cristobalite.

Before concluding, it is important to note that the results
obtained in this study are consistent with previous studies on
low-temperature cristobalite [1]. It is likely that these
findings could also be extended to cristobalite at higher
temperatures since it has been suggested that cristobalite has
the potential to exhibit on-axis auxetic behaviour over a
wide temperature range [52].

It is important to highlight that the importance of the
work reported here lies not only in relation to a-cristobalite,
but also in relation to other systems which, like a-
cristobalite, can be described in terms of rotating two-
dimensional or three-dimensional units. For example, it has
been confirmed that the behaviour of auxetic polyurethane
foams can be described in terms of rotating semi-rigid joints,
and it would be useful if their behaviour is compared to that
of the naturally occurring silicate a-cristobalite [1].
Furthermore, the information reported here could be used
to guide scientists and engineers in their design of novel
auxetic materials, which could be made to mimic the
behaviour of this naturally occurring material. In this
respect, it should be highlighted that since the theory of
elasticity is scale independent, the observations made here at

Figure 5 Off-axis Poisson’s ratio polar plots fora-cristobalite as simulated by the CVFF force-field and the CVFF force-field with added
restraints.
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the molecular level can be adopted at any size scale,
including the macro level.

4 Conclusion This work has shown that the auxetic
behaviour of a-cristobalite in the planes passing through the
[001] direction can be explained in terms of simple two-
dimensional models involving semi-rigid rotating rectan-
gles. These rectangles are the projections in the (100) and
(010) planes of a more complex three-dimensional model. It
was shown that in the case of the two-dimensional model,
one needs to consider two sets of rectangles, with one set
being more rigid than the other. It was also shown that these
two modelling approaches (i.e. the two-dimensional and
three-dimensional approaches) are complementary to each
other, and that as the rigidity of the tetrahedral units
increases, the projected rectangles behave more like
idealised ‘rotating rigid rectangles’, thus highlighting the
relationship between these two modelling approaches. It is
hoped that, given the many beneficial effects associated with
auxetic behaviour, this work will provide an impetus to
further studies not only in relation to a-cristobalite, but also
on other systems which can be made to mimic the behaviour
of this naturally occurring silicate.

Supporting Information
Additional supporting information may be found in the
online version of this article at the publisher’s website.
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