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Abstract
Unimode metamaterials made from rotating rigid triangles are analysed mathematically for their
mechanical and thermal expansion properties. It is shown that these unimode systems exhibit
positive Poisson’s ratios irrespective of size, shape and angle of aperture, with the Poisson’s ratio
exhibiting giant values for certain conformations. When the Poisson’s ratio in one loading
direction is larger than +1, the systems were found to exhibit the anomalous property of negative
linear compressibility along this direction, that is, the systems expand in this direction when
hydrostatically compressed. Also discussed are the thermal expansion properties of these
systems under the assumption that the units exhibit increased rotational agitation once subjected
to an increase in temperature. The effect of the geometric parameters on the aforementioned
thermo-mechanical properties of the system, are discussed, with the aim of identifying negative
behaviour.
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1. Introduction

The last years have seen significant advancements in the
field of mechanical metamaterials, that is, engineered sys-
tems that exhibit mechanical macroscopic properties that
emerge due to the structure of their sub-units rather than
their materials composition [1]. This class of systems
intersects with other classes of systems which are becoming
increasingly more studied, including auxetics [2] i.e. sys-
tems which exhibit a negative Poisson’s ratio (NPR) as
well as systems which exhibit negative linear compressi-
bility (NLC) i.e. expand rather than shrink in at least one
direction upon the application of a compressive hydrostatic

pressure [3–13] and ones which contract in at least one
direction when heated negative thermal expansion (NTE)4

[14–29].
An interesting class of model systems which exhibit

NPR are those built from connected sub-units which contain
rigid units that rotate relative to each other upon the
application of a uniaxial load [30–33]. These systems are
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4 Obviously, it must be noted that not all NPR, NLC and NTE materials are
metamaterials and vice versa. For systems with such anomalous properties to
be considered as metamaterials (or mechanical metamaterials so as to
distinguish them from a wider class of metamaterials such as those which
exhibit negative refractive indices, etc) they must be man-made, i.e.
excluding materials such as zeolites or silicates which are naturally occurring.
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rather easy to construct at various scales of structure ran-
ging from the macro-scale level, for example through the
use of perforations [34, 35] or pin-jointed structures, to the
nanoscale, for example as zeolites or silicates [36–38]. It
has been shown that for such systems to exhibit NPR, it is
not enough that the rigid units within the system rotate
relative to each other as these systems must also have
amenable shapes and connectivities which lead to NPR. For
example, it has been demonstrated that depending on the
connectivity, 2D systems made from rotating rectangles of
dimensions a×b can exhibit either an isotropic Poisson
ratio of −1, or Poisson’s ratios which are highly strain
dependent and also depend on the direction of loading [30].
In the latter case, it was also shown that such systems can
exhibit a positive Poisson’s ratio which can be high. It was
recently shown that highly positive Poisson’s ratio can also
give rise to NLC [39]. All this is very significant as systems
which are describable in terms of rotating rigid units are
commonly found in nature.

In addition to this, it has been shown that nano-systems
based on rotating rigid units may also generate NTE [14, 15].
NTE manifests itself in shrinkage of the system, in at least
one direction when subjected to an increase in temperature, as
opposed to positive thermal expansion (PTE) which is char-
acterised by an increase in at least one of the dimensions. One
of the mechanisms leading to NTE in systems involves rigid
unit behaviour and is akin to the mechanism giving rise to
NPR. In this mechanism, formally known as rigid unit modes
(RUMs), thermal excitation of low frequency phonon modes
leads to a rocking type of motion of rigid units about a fully
open configuration, resulting in a subsequent shrinkage in the
unit cell.

Materials that exhibit NTE include polymers and other
organic-based compounds [16–18], metal oxides [19–24],
zeolites [25–27] and metal organic frameworks [28, 29]. In a
number of these materials, the RUM mechanism plays a key
role in their NTE behaviour. NTE materials are particularly
interesting due to their possibility of being used to manu-
facture systems with tailored coefficients of thermal expan-
sion. By combining them with PTE materials, one may
achieve systems with tuned thermal properties such as sys-
tems with an overall zero thermal expansion. In this respect, it
should be mentioned that a number of structures made from
PTE materials that can have their thermal expansion tuned to
negative, and even zero coefficients of thermal expansion,
have also been designed [40, 41]. These include, amongst
others, structures based on chiral honeycombs made from bi-
material strips [40–42] and structures based on triangular
units [43, 44]. It has also been shown that composite systems
made of different PTE materials can be designed to exhibit
NTE [45, 46].

Milton proposed and generalised various periodic
unimode structures (structures that have a single easy mode of
deformation [47]) built from rigid bars and pivots [48, 49],
including ones built from connected triangles which

behave as rotating rigid units [48]. One such system can be
described through a sub-structure composed of four triangles
which are connected together. Milton regards this structure,
which should not be confused with other triangular lattices
and geometries which have been extensively studied
[31, 32, 50–55], as an expander since an application of a
small strain in one direction may result in a considerable
enhancement of the strain in the orthogonal direction [48]. In
fact, it may be shown that such a structure may lead to very
high positive Poisson’s ratios in particular directions (see
supplementary information available at stacks.iop.org/SMS/
25/025009/mmedia), which as discussed in this work may in
turn give rise to NLC.

Milton’s work has clearly confirmed that the systems he
considers exhibit high expandability. However, generalised
mathematical models describing the mechanical behaviour of
these systems and similar ones have not yet been established
in terms of geometry. In this respect, it would be useful to
develop a model which can quantify not only the expand-
ability and expected Poisson’s ratios of such systems but also
other thermo-mechanical properties, such as thermal expan-
sion or compressibility properties, which could also be of
interest.

In view of this, and the important role that the relative
rotation of rigid units has in generating anomalous thermo-
mechanical properties, this work will look into more general
systems which could be potentially constructed from Mil-
ton’s expander, with the aim of formulating analytical
models which can predict the Poisson’s ratios, compressi-
bility properties and thermal expansion behaviour of such
constructs.

2. The model

Before examining the mechanical properties of these systems,
it is useful to discuss their geometries, which are essentially
generalisations and variations of Milton’s expanders imple-
mented as tessellations. One can establish a basic unit cell for
such networks, consisting of two sets of two non-equivalent
scalene triangles, as illustrated in figure 1(a). In such a case
the shape of the system is describable through seven inde-
pendent geometric parameters, six of which relate to the shape
of the triangles of dimensions of a×b×c and d×e×f
and one which relates to the degree of aperture of the system,
angle θ. If one assumes that the triangles are rigid constructs,
then the shape and size of this system rely on only one degree
of freedom, the angle of aperture, thus qualifying it as a
unimode system.

In this paper, we shall study a simpler case, where we
only consider one type of triangle making up the unit cell.
The sides of the triangle are denoted as a, b and c which
subsequently define the interior angles of the triangle α, β
and γ. The angle of aperture is defined by the angle θ which is
twice the angle subtended between the side of length a and
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the Ox1 direction. The triangles are connected in such a
manner that sides of the same length make up the perimeter of
the resulting pores (see figure 1(b)). Typically a triangle has
all three vertices connected resulting in pores which are
rhombic in shape. However there are some cases, in which the
triangle has only two connections leaving a free vertex and as
a consequence of this, a more complex pore shape is
observed. The resulting unit cell always has two lines of
symmetry (see supplementary information available at stacks.
iop.org/SMS/25/025009/mmedia).

For a given triangle the system may be connected toge-
ther in a tessellatable manner in a number of ways, henceforth
referred to as forms. As a result of the geometry, although the
different forms are very similar to each other, it is not possible
to move from one form to another without permitting overlap
of the triangles which de facto means that systems would be
constrained to exist in only one of these forms unless the
system is dismantled and re-assembled (see animation in
supplementary information available at stacks.iop.org/SMS/
25/025009/mmedia). In other words, depending on the value
of θ and the dimensions a×b×c, only one of the six forms
is permissible, i.e. a form may only exist in a bound range of
angles, whose limits are henceforth referred to as transition
angles θ*. The transition angles occur whenever one of the
three pores in the unit cell assumes a fully closed position.
Since each pore has two different closed configurations, a
total of six transition angles occur. These transition angles for
0 360* q  are a function of the interior angles of the
triangle and are given by;

2 , 180 2 , 180 , 180

2 , 360 2 , 360 . 1

{
} ( )

*q b g
b g

Î  -  
+  - 

Note that the order of occurrence of the transition angles is
not always the same and is dependent on the parameters
describing the shape of the triangle. As a consequence of this,
it is a futile exercise to name the different forms occurring for
a general case of a×b×c.

The dimensions of the unit cell are also a function of the
parameters a, b, c and θ and can be expressed as5;
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2.1. Mechanical properties

Using the obtained expressions for the dimensions of the unit
cell, following the methodology discussed elsewhere [30–
33, 53, 56, 57], one can then calculate the Poisson’s ratio for
each form using;
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The Young’s moduli, assuming a unit thickness z (where z is
of the same order of magnitude of the parameters a, b and c),
can be obtained using an energy approach. If the unit cell has
an overall stiffness of Kh (which relates to the work required
to change the angle of aperture) then the strain energy stored

Figure 1. (a) A generalised structure based on Milton’s expanders (b) the unit cell of a typical form of the systems studied here.

5 Equations (2) and (3) were obtained by considering a single triangle from
the unit cell, calculating the co-ordinates of each of its vertices when the side
a is aligned horizontally and then performing a rotation transformation by an
angle (θ/2) to get the co-ordinates of the triangle when the degree of aperture
of the system is θ. By subtracting the minimum X and Y co-ordinates from the
maximum co-ordinates one can find the dimensions of the unit cell (an
example concerning the dimensions of the unit-cell can be found in the
supplementary information available at stacks.iop.org/SMS/25/025009/
mmedia).
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per unit cell, U is given by:

U
K
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The Young’s modulus is related to the strain energy by:
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One may also write expressions for the linear compressi-
bilities along the Ox1 and Ox2 directions [3] in terms of the
Young’s moduli and Poisson’s ratios:
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where sij are the compliance coefficients. The area compres-
sibility can be found from the linear compressibilities
through:

Ox Ox . 9A L 1 L 2[ ] [ ] ( )b b b= +

2.2. Thermal properties

Apart from the mechanical properties of the model under
consideration, one could also investigate the thermal expan-
sion properties of the presented system, based on the work on
RUMs which has already been done in the field of thermal
expansion [15, 58–60]. If the system is in a conformation
having a maximum area when in its cold state (corresponding
to the temperature in the vicinity of 0 K), where the angle
between the units is θ=θ0, then it is possible for it to exhibit
a NTE upon heating as the units vibrate with an amplitude of
Δθ about θ0.

To simplify the analysis, based on previous work
[15, 61], the following assumptions will be made, namely that
(i) the units are rigid so that the only mode of deformation is
through rotation; (ii) the rigid units behave as harmonic
oscillators so that the thermal average of Δθ at a given
temperature T, i.e. TqáD is zero; (iii) the amplitude of
oscillations is small so as to allow for small angle approx-
imations for terms involving Δθ.

For the sake of simplicity, systems constructed from
isosceles triangles with b c a= > shall be used as an
example to illustrate this NTE effect. For such a case, as
discussed in further detail in the discussion, the form which
occurs in the range of 180 2 2g q b - < < is one of the
most predominant forms and also has the maximum area for
the system. For such a form, the unit cell dimensions can be
expressed by means of the following equations:
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Thus the area of the unit-cell may be defined as a product of
the above quantities, hence:
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From this equation it can be shown that the maximum area of
the unit-cell occurs at ,0 2

q = p about which point it is also
symmetric such that A A .0 0( ) ( )q q q q+ D = - D Subse-
quently, the area can be expressed in terms of the equilibrium
angle 0q and its change qD as follows:
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Assuming the change in angle, ,qD is small, this equation can
be further simplified, using the Taylor series, so that the
thermal average of the area can be expressed by:
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In order to express
T

2qD in terms of the temperature T one

could use the approach proposed in [15] which is based on the
principle of the equipartition of the energy, which states that
every mode, of which there is only one in this case, is
provided with the energy equal to k T ,1

2 B where kB is the
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where I is the moment of inertia of the rotating rigid units and
ω is the frequency by which the units oscillate. This gives a
thermal expansion coefficient Aa of:
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3. Results and discussion

Plots for the dimensions and mechanical properties of three
particular cases of triangles (equilateral, isosceles and sca-
lene) are presented in figure 2. The plots are divided into
regions corresponding to different forms of the triangles
(diagrams representing these three types of triangles and their
respective forms and transitions can be found in the supple-
mentary information available at stacks.iop.org/SMS/25/
025009/mmedia). It is evident that on changing the geometry

of the triangle, the mechanical properties change accordingly.
However, before discussing the actual mechanical properties
of the systems, it is useful to first discuss the constructability
or otherwise of these systems, i.e. the number of forms that
such systems can have and the angle range over which these
forms occur. This will be followed by a discussion of thermo-
mechanical properties afforded by these systems.

Looking at the constructability of these systems, it should
be noted that the range of angles over which the different
forms occur changes with the shape of the triangle, even

Figure 2. Graphs for the unit cell dimensions and mechanical properties of three different systems constructed from (a) equilateral (b)
isosceles and (c) scalene triangles. The red lines represent the behaviour of the quantities associated with the Ox1 direction, the blue lines
correspond to the Ox2 direction whereas the black lines correspond to the area. The different shade of the background of the graphs is used to
distinguish the different forms exhibited by the system. The stiffness constant Kh was set to be 12 kJ mol−1 rad−2.
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though there are always six of such forms. For an equilateral
triangle, all six forms will each have a range of 60°, whilst for
an isosceles triangle, four forms will have the same extent of
range and two forms will have the same extent of range,
which range is different from the other four forms. On the
other hand, a scalene triangle will have three pairs of forms
where each pair has the same extent of range, which extent is
different from that of other pairs. This pairing up of forms
occurs since these forms are a 90° rotation of each other. Thus
on considering all types of triangles, it becomes evident that
the change in the extent of the ranges is related to the ratio of
the sides of the triangles. On increasing the disparity of the
sides (and hence changing their ratio), the extent of the ranges
changes accordingly. This can be observed, especially for
isosceles triangles, from figures 2 and 3. This kind of beha-
viour is reflected in all the mechanical properties of the sys-
tems. It must be mentioned that if one were to increase the
sides of the triangle in such a manner so as to keep the same
ratio, the extent of the ranges will remain unchanged but the
magnitude of the mechanical properties is affected except for
the Poisson’s ratio since this is scale independent.

In terms of the mechanical properties, a look at the plots
shown in figure 2 will reveal that the mechanical properties
afforded by the systems are highly dependent on the form in
which the system exists, with a marked discontinuity in the
mechanical properties between one region and the next. This
is because at the transition angles, the forms are in a locked
conformation and hence the mechanical properties at that
particular angle cannot be defined. This is in contrast to the
behaviour of the unit cell dimensions which are characterised
by a continuous transition from one form to the next. This
implies that at the transition angles, both forms have the same
dimensions.

On examining the Poisson’s ratio for all three different
types of triangles presented, it is evident that the Poisson’s
ratio is positive for all values of θ and can have large values,
i.e. there is no auxetic behaviour. These large values tend to
occur when the derivative of the dimension along which the
system is being loaded tends to zero. In the case of the
equilateral and isosceles triangles, such behaviour is observed

at the vicinity of each transition angle. A similar behaviour is
also observed for the Young’s moduli.

It is also evident from the plots in figure 2 that all the
systems considered exhibit NLC. In fact, for the whole range of
θ-values the systems exhibit NLC along Ox1 or Ox2 but never in
both directions simultaneously. This ensures that the area
compressibility Ab is never negative, so that on application of a
hydrostatic pressure, the area of the system always decreases,
resulting in densification of the system, even though one-
dimension may increase in size. Thus the 2D equivalent of the
bulk modulus of these systems is always positive. It is inter-
esting to note that the total range over which NLC is observed
along the Ox1 direction is equal to that over which NLC is
observed along the Ox2 direction. In other words, NLC is
observed in the Ox1 and Ox2 over a total range of almost 180°
for each direction (except for values at the transition angles, at
which values, compressibility is undefined).

On further examination of the plots, it can be observed
that for each form, the range in which NLC occurs is bound.
The bounds correspond to the instance where the unit cell of
that form has a maximum area and by the instance when the
form is fully opened in one of its major axis which occurs at
the transition angle. When the area of a form is close to its
maximum, applying a hydrostatic pressure causes it to
decrease. Since the Poisson’s ratio of the system is positive
for all angles, then on application of a hydrostatic pressure,
one of the unit cell dimension increases in length exhibiting
NLC whilst the other unit cell dimension decreases in length,
exhibiting positive linear compressibility. This effect is
observed until the unit cell dimension which is increasing in
length achieves a fully extended position, at which point the
transition angle would have been reached.

Another way of describing the range in which NLC is
observed is through the Poisson’s ratios. It can be shown that
in cases where deformation occurs through a unimode hin-
ging mechanism, as in the systems described here, typically,
the Poisson’s ratio fulfils the relation .12 21

1( )n n= - In such
cases, it follows from equations (4) and (6) that the occur-
rence of NLC along Ox1 direction (equation (7)) can be
expressed by the requirement that the strains along the Ox1
and Ox2 directions, 1e and 2e respectively, must satisfy
the condition 0,1

2
1 2e e e+ < i.e. 01 2e e < and .1 2 1

2e e e>
This condition is satisfied whenever 2 1e e> and the Pois-
son’s ratios are positive (see supplementary information
for a detailed derivation available at stacks.iop.org/SMS/25/
025009/mmedia). Thus, when 1,12n > + βL[Ox1 ]< 0. In a
more general manner, this means that whenever one of the
Poisson’s ratios for loading in one direction is greater than +1
(and hence larger than the Poisson’s ratio for loading along
the other direction because of their inverse relation), NLC is
observed in that direction.

It should also be mentioned here that the magnitude of
NLC is affected by the shape and size of the triangles. Con-
sidering an isosceles triangle (b c)= for the sake of simpli-
city (but similar arguments may also hold for scalene
triangles), on increasing the sides but keeping the same aspect
ratio, the magnitude of the compressibilities increases
accordingly, while the range over which NLC is exhibited for

Figure 3. Variation of the range of angles in which NLC is exhibited
for a particular form on changing the b:a ratio of an isosceles
triangle.
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a particular form remains unchanged. On the other hand, if the
b:a ratio of the isosceles triangles increases from 1, NLC
values become more negative and one of the forms becomes
increasingly more predominant. In the limit that this ratio
approaches infinity, when virtually only one form is possible,
the triangles become flattened to a line, and geometry wise,
the structure becomes similar to a wine-rack. As illustrated in
figure 3, on increasing the b:a ratio, the angles at which the
most NLC values occur tend to that of 128.17° or 51.83°
(corresponding to βL[Ox1] and βL[Ox2 ] respectively) which
angles are identical to that at which the wine-rack-type
mechanism exhibits minimum (most negative) linear com-
pressibility [39, 62]. These angles do not seem to have any
particular geometrical significance but are obtained on sol-
ving for the minimum compressibilities. In fact, in the part-
icular cases where b a,> the form with the widest extent of
range and which exhibits the most negative values for linear
compressibility has the cell parameters:
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In the limit that b a, 90g   and hence
equations (17) and (18) may be expressed by:
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which equations correspond to that of the wine-rack-like [39]
structure after recognising the differences in orientation.

In terms of the thermal expansion properties, the
equations derived above, particularly equation (16) suggests
that the system presented here may also exhibit NTE, that is,
it decreases in size along one or more directions on the
application of heat. From the plots of the unit-cell parameters

(see figure 2) it is evident that at certain angles of aperture the
unit-cell has a maximum area. If on heating, the system
oscillates about a point of maximum area configuration via a
‘RUM’, as discussed in various works [15, 58–61] its area
will decrease. This is of particular significance as it suggests
that the presented system may exhibit both NLC and NTE.

Moreover, as evident from equation (16), the magnitude
of the coefficient of thermal expansion is dependent on the
shape of the isosceles triangles, i.e. on the ratio of the side
dimensions. This is illustrated more clearly in figure 4 which
shows how the coefficient of thermal expansion for a system
of isosceles triangles vibrating about an equilibrium angle of
90° (which angle, as illustrated in figure 2, is a point of
maximum area) changes with the shape of the isosceles tri-
angles. In the cases considered the temperature was set to be
equal to T 293 K= and the value of I 2w was set to be equal
to k T75 .B In general the dimensions of the triangular units
could be assigned arbitrary values in the nano-scale. In these
cases the value of a was kept constant at 0.5 nm whilst the
lengths of sides b and c were increased up to 50 nm in steps of
0.001 nm. The plot in figure 4 suggests that, in this case, the
magnitude of NTE increases as the triangles become more
slender, as was the case for the compressibility. Here, it
should be highlighted that the plot only represents one of the
six forms in which the system can exist. There may be other
forms which also give rise to NTE, albeit to a different extent,
as is clear from the plot of area against θ in figure 2, where for
any type of triangle, more than one area maximum occur.

All this is very significant because the system studied
here can be used as a blueprint to design materials that not
only have NLC but also NTE concurrently. Also significant is
the finding made through this work that although networks
constructed from rotating rigid triangles are usually closely
associated with auxeticity, this may not always be the case as
clearly illustrated by the systems considered here which
instead can exhibit giant positive Poisson’s ratio properties
which are conducive to NLC. This highlights the versatility of
these systems which when designed in a specific geometric
conformation have the potential to exhibit tailored negative
properties. Possible applications for systems which exhibit
NLC include their use in high pressure environments and as
sensitive interferometric pressure sensors [3]. NTE materials
are sought for their use in obtaining composites with tailored
coefficients of thermal expansion. Such composites could be
used in a variety of ways ranging from dental fillings [63] to
solar arrays in telescopes [64] and other applications which
involve large fluctuations in temperature that could lead to
thermal cracking.

Before concluding one should mention that although a
prima facie both equations describing the compressibility and
thermal expansion of the systems seem to be only dependent
on the ratios of the sides of the triangles, the NLC and NTE
effects described here are likely to manifest themselves only if
the system is at a molecular scale. For the thermal expansion
analysis described here to apply, the structural features must
be small enough for thermal vibrational motion to be present.
One would not expect such thermal vibrations, and hence

Figure 4. Variation of the thermal expansion coefficient with the
aspect ratio of isosceles triangles for systems where b=c>a=1
having a form that exists for 180 2 2g q b - < < and vibrating
about an equilibrium angle of 90°. The temperature was set to be
equal to T 293 K= and the value of I 2w was set to be equal
to k T75 B .
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such a mechanism, to occur on a macro-scale structure.
Similarly, the mechanism responsible for NLC in the model
presented here is such that the hydrostatic pressure is only
exerted on the outside of the system, that is, the fluid particles
exerting the hydrostatic pressure on the system should not
permeate through the system (as discussed in [39]). Thus it
may be difficult for such a mechanism to operate at a macro-
scale, however, it may manifest itself at a nano level, pro-
viding the material has the necessary geometric features
which allow this mechanism to occur, which ideally is also
the only mechanism of deformation. Other modes of defor-
mation acting concurrently with the hinging mechanism may
in fact diminish the effect of NLC where it exists [39],
although, they may themselves cause NLC in particular
directions to be exhibited over a larger range of angles as
highlighted in previous work [65].

4. Conclusion

It has been shown through analytical modelling that systems
based on the Milton’s unimode expanders can occur in var-
ious forms depending on the shape of the triangles and the
angle of aperture. It has been found that these systems have an
excellent potential for exhibiting NLC along particular
directions, a property resulting from the very high positive
Poisson’s ratio that these systems can exhibit. It has also been
shown how the size and shape of triangles affect the magni-
tude and range of NLC for a particular form, even though the
overall range of NLC along each direction remains constant.
The magnitude of NLC was found to increase on increasing
the ratio of the sides of the triangles, with maximum NLC
characteristics being exhibited when the geometry of system
and the deformation profile approach that of the well-known
wine-rack-like mechanism. It has also been suggested that
such unimode metamaterials, under the standard assumptions
made for similar RUM systems, may exhibit NTE, whose
magnitude also seems to get larger the more slender the tri-
angles are.

Given the significance of this work, it is hoped that the
findings obtained here will provide an impetus for further
studies in the field of mechanical metamaterials and other
systems with negative properties.
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