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Auxetic foams have been widely studied in view of their
superior properties and many useful applications and various
models have been developed to help explain the auxetic
behavior in such foams. One such model involves the
description of auxetic foams in terms of rotating units (e.g.
the joints where different cell walls meet), a mechanism, which
has also been observed experimentally. In the models, the
rotating units are taken, to a ﬁrst approximation, to be
representable through rotating rigid triangles, which correspond
to the 2D projection of these rotating units and although this
model has been improved signiﬁcantly since it was ﬁrst
proposed, current models still do not fully capture all the
deformations that may occur in real foams. In this work,
we propose an extended model which not only allows for

relative rotation of the units (joints), represented by nonequilateral triangular units, but also for differing amount of
material at the joints as well as deformation of the joints
themselves, a scenario that is more representative of real auxetic
foams. This model shows that, by permitting deformation
mechanisms other than rotation of the triangles, the predicted
extent of auxeticity decreases when compared to the equivalent
idealized rotating rigid triangles model, thus resulting in
more plausible predictions of the Poisson’s ratios. Furthermore,
it is shown that in the manufacturing process, a minimum
compression factor, which is dependent on the amount of
materials at the joints, is required to obtain an auxetic foam
from a conventional foam, as one normally observed in
experimental work on foams.

ß 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction Auxetic behavior [1], i.e. lateral expansion when a uniaxial load is applied, is a scale-independent
property [2], which is obtained from a combination of geometric
features and deformation mechanisms. Such materials have
attracted a signiﬁcant amount of interest in the past few decades,
and have been the subject of several scientiﬁc studies [3–48]. In
particular, auxetic behavior has been experimentally measured
in auxetic foams since 1987 when Lakes managed to modify the
microstructure of an existent conventional foam through a
compression-heating process, to obtain foams which exhibit a
negative Poisson’s ratio. Since then, there have been a number
of other studies on such materials [5–20], including ones which
attempted to explain this auxetic effect through simple
microstructure based models. These models have been based
on re-entrant features [21–24], missing ribs [25] and more
recently, rotating rigid or semi-rigid units [26–31].
In particular, it has been proposed by Grima et al. [49]
that 2D models based on rotating triangles can be used to

explain the negative Poisson’s ratios in auxetic foams, where
the triangles represent the 2D projection of the joints in the
foam, which are proposed to behave like rigid units that
rotate relative to each other since the weaker mid-section of
the ribs corresponds to the “hinges” between the triangles.
This rotating rigid units mode of deformation hypothesis is
now supported by the experimental work using 3D X-ray
microtomography [50], which has conﬁrmed that rotation of
microstructural units is indeed an important mechanism in
generating negative Poisson’s ratios in foams. However, the
complex microstructure of foam renders the rotating rigid
equilateral triangles models, originally proposed by Grima
et al. and described above, inadequate to model foam not
only due to their highly symmetric nature, but also due to the
fact that in real systems such as foams, it would be too
idealistic to assume that any microstructured component
would behave as a rigid unit. This means that a model which
is based on “semi-rigid” rotating units would most likely be
ß 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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more realistic than one involving rotating “rigid” units, at
least when compared to the previous model [30].
In an attempt to address these lacunae, in a previous
paper [30], a structure composed of non-equivalent rigid
scalene triangles connected together at their vertices was
presented, where an analytical model was derived so as to
assess what would happen if the symmetry constraints are, at
least partially, relaxed, with the assumption that the sole
mode of deformation is still the relative rotation of the
triangular rigid units, i.e. the deformation mechanism which
results in auxetic behavior. Although the model so obtained
may be considered as being more realistic, and can explain
better, at least partially, some of the experimentally
measured properties of auxetic foams, in practice the
rigid-units assumption still signiﬁcantly limits the application of this more complex model to real foams.
More recently, Pozniak and co-authors have improved
our understanding of the system by modeling differently
connected structures [51]. In particular, Pozniak et al. have
investigated, via computer simulations, the effect of varying
the hardness of node thickness on the Poisson’s ratio in 2D
foam cells. They concluded that lower Poisson’s ratios for
auxetic structures formed spontaneously by compression
of common structures were obtained for harder joint-to-rib
stiffness ratios.
The work presented here furthers the progress towards a
more uniﬁed model of the Poisson’s ratios of real foams by
considering a 2D model consisting of “triangles” connected
at their vertices which possibly may rotate relative to

each other (Fig. 1) and may also deform through other
mechanisms, in other words, behave as “rotating semi-rigid
triangles.”
2 The geometric model used In formulating the
current model, particular attention was given to making the
model resemble the real microstructure of foams as much
as possible, by taking into consideration the fact that the
cells are naturally elongated along the rise direction, as well
as by enabling the variation of the amount of material that
is present in the proximity of the joints, so as to permit
variation in the stiffness of the joints. (The amount of
material present at the joints is most likely one of the most
signiﬁcant factors which effect the relative rigidity of the
joints, and hence the resulting deformation mechanism.)
In particular, a basic structure based on connected
triangles denoted by [a  b  a] with the Ox1 direction
corresponding to the rise direction of the foam, was chosen
to mimic the behavior of foam where, as illustrated in Fig. 2,
a  b  a describe the dimensions of the triangles. Based
on this, a realistic representation of 2D foam systems was
constructed, as illustrated in Fig. 1b(i and ii). In this
representation, the triangles are represented by three beam
elements which connect the center of the triangles to their
vertices (for ease of reference this will be referred to as the
“backbone” of the triangle), where, to permit an even better
representation, some additional similar triangles (referred to
as inner triangles) center around the point where the three
beams intersect were added, corresponding to the additional

Figure 1 (a) Images showing the thickness at the joints for (i) conventional and (ii) auxetic foam; (b) representative cell made of
isosceles triangles representing the elongated cell in (i) conventional and (ii) auxetic foam; (c) “inner triangles” included in the ﬁnite
element model in both (i) conventional and (ii) auxetic foam.
ß 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 3 The structure with six inner triangles, representing foam
with thickness at the joints up to 1/6th of the ribs (i.e. n ¼ 6) with the
rise direction along the Ox1 direction.

Figure 2 The proposed model for the microstructure of foam.
In this case, the nth “inner triangle” at a distance gn and hn from the
centroid was added. The dashed rectangle represents the unit cell.

thickness which characterizes the joints in foam materials
as shown in Fig. 1c(i and ii). Such systems are expected to
behave very differently from the idealized rotating triangles
model published previously [30] since the components,
which correspond to one triangle are likely to undergo
some deformation. This effectively results in the triangles
behaving as non-rigid or semi-rigid units, where the extent of
rigidity could depend, amongst other things on the amount of
extra material that is placed at the points of intersection, at
the centers of the triangles.
In order to simulate different amounts of material at the
joints, “inner triangles” were added by dividing the distances
from the centroid to the vertices of the triangles into an equal
number of nmax parts and joining corresponding points by
additional beams. To vary the extent of material at the joints,
the number of inner triangles, n, was varied from 0 to nmax.
The geometry of the structure (shown in Fig. 2) involves
triangles built through generation of the initial triangle with
vertices (x1, y1), (x2, y2), (x3, y3) and centroid (xc, yc) given by

while the distance between the centroid and the vertex
containing the two equal sides of length a (Fig. 2) is given
by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
h¼
ðx1 þ x3  2x2 Þ2 þ ðy1 þ y3  2y2 Þ2 :
ð3Þ
3
Moreover, inner triangles were added with each nth (for
n ¼ 1..nmax) inner triangles located at a distance


n
g
ð4Þ
gn ¼
nmax
from the centroid along a line joining the centroid to one of
the two other vertices as shown in Fig. 2 and at a distance


n
h
ð5Þ
hn ¼
nmax

from the centroid along a line joining the centroid to the
vertex containing the two equal sides.
Here, it should be noted that the perfectly rigid system
described previously [30] may be considered to be a special
case of the system derived here. In fact, the rigid system
should correspond to systems where n ! nmax.
ðx1 ; y1 Þ ¼ ðp; qÞ
Figure 3 shows a typical structure, whereby in different



simulations, the number of inner triangles, n, at the centroid
v
v 
ðx2 ; y2 Þ ¼ p þ asin 2a  ; q  acos 2a 
was varied, mimicking different degrees of material at the
2
2




 joint of the foams.
v
v
ðx3 ; y3 Þ ¼ p þ bcos 90 a ; qbsin 90 a
2
2
3 Finite element simulations (FE) simulations of
1
ðxc ; yc Þ ¼ ðx1 þ x2 þ x3 ; y1 þ y2 þ y3 Þ:
these structures were performed using the commercial ﬁnite
3
element package ANSYS1 Academic Research, Release
ð1Þ
v12.0 software. In particular, such structures were conHence, the distance between the centroid and the vertices structed by creating a number of keypoints (points in space)
containing the two unequal sides of length a and b is given which were then connected by straight lines forming the ribs;
thus creating the required geometries as shown in Fig. 3.
by
The sides of the “base triangles”, a and b were initially
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
both set to 70 mm in order to obtain an equilateral triangle
2
2
ð2Þ and in the second set of simulations they were arbitrarily set
g¼
ðx1 þ x2  2x3 Þ þ ðy1 þ y2  2y3 Þ ;
3
www.pss-b.com
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to be 70 and 50 mm, respectively. In both cases the hinging
angle, u, between the triangles was varied between the
maximum and the minimum allowed value, such that overlap
of the triangles is prohibited for all structures. Note that the
physical dimensions of a and b may be related to the extent
of “rise” in the foams, whilst the angle u may then be related
to the extent of compression made on the foams in its
conversion to auxetic foam, with the smaller angles
corresponding to higher compression ratios.
The material was modeled as isotropic and perfectly
elastic. In order to simulate the behavior of polyurethane
foam, the Young’s modulus of solid polyurethane, which is
on average 1690 MPa, and a Poisson’s ratio of 0.3 were
chosen. In these simulations systems of 2  2 unit cells, as
illustrated in Figs. 4 and 5, were built and meshed using
BEAM188 elements with circular cross-section, with the
number of elements per line, nmax, set to 36. Note that the
size of the representative unit used, i.e. the 2  2 system, was
chosen following a convergence study, which has been made
available in the Supporting Information (Section S1).

Figure 4 The constraints applied to the structure when loading in
the Ox1 direction.

The radius for the beams forming the “backbone” was
chosen arbitrarily to be 4.5 mm whilst the radius for the inner
triangles’ beams was chosen to be the maximum allowable
radius such that no overlap occurs. BEAM188 utilizes the
Timoshenko beam formulation; including shear-deformation
effects enabling it to analyze slender to moderately thick
beam structures. Due to the fact that the chosen 3D
BEAM188 element has six degrees of freedom (DOFs) at
each node, i.e. three translational and three rotational in the
three coordinate directions (here denoted by Ox1, Ox2,
and Ox3), it was restricted to deform as a 2D beam by
constraining the displacement in the Ox3 direction and
rotation about the Ox1 and Ox2 directions to be zero, such
that the system remains planar. Furthermore, rigid body
motion was prevented by constraining node G in Figs. 4
and 5 from moving in the Ox2 direction when loading in the
Ox1 direction (Fig. 4) and vice versa (i.e. when loading in the
Ox2 direction (Fig. 5), node G was constrained from moving
in the Ox1 direction).
Periodic boundary conditions as derived by Suquet [52]
for the analyses of representative volume elements (RVE)
were used. For each pair of homolog nodes (a periodic
node pair) lying on two opposite periodic sides, such as the
homologue pair of nodes O and P, denoted by [O & P], the
normal strain and shear strain must be constant. That is,
when loading the structure in the Ox1 direction, since nodes
[Q & R] is another homologue pair corresponding to the
homologue pair [O & P], then
uy ðOÞ  uy ðPÞ uy ðQÞ  uy ðRÞ
¼
;
yðOÞ  yðPÞ
yðQÞ  yðRÞ

ð6Þ

ux ðOÞ  ux ðPÞ ux ðQÞ  ux ðRÞ
¼
;
yðOÞ  yðPÞ
yðQÞ  yðRÞ

ð7Þ

where ux(P) and uy(P) are the displacement of node P along
the Ox1 and Ox2 direction, respectively, while y(P) is the
y-coordinate of node P. The same notation is used for the
other nodes. However, since y(O)  y(P) ¼ y(Q)  y(R),
Eqs. (6) and (7) simplify to
uy ðOÞ  uy ðPÞ ¼ uy ðQÞ  uy ðRÞ;

ð8Þ

ux ðOÞ  ux ðPÞ ¼ ux ðQÞ  ux ðRÞ:

ð9Þ

The normal and shear strain of the homolog pairs [S & T]
and [V & W] are also a constant and equal to those of the
previous homologue pairs, i.e.
uy ðOÞ  uy ðPÞ ¼ uy ðQÞ  uy ðRÞ
¼ uy ðSÞ  uy ðTÞ ¼ uy ðVÞ  uy ðWÞ;

Figure 5 The constraints applied to the structure when loading in
the Ox2 direction.
ß 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Similarly, the shear strain of the homologue node pairs
lying on the sides of the unit cell, which are parallel to the
y-direction must also be a constant. Hence, the following
constraint equation was applied:
uy ðKÞ  uy ðLÞ uy ðMÞ  uy ðNÞ
¼
;
xðKÞ  xðLÞ
xðMÞ  xðNÞ

ð12Þ

where x(K) is the x-coordinate of node K. Since x(K)  x(L) ¼
x(M)  x(N), Eq. (12) can be written as
uy ðKÞ  uy ðLÞ ¼ uy ðMÞ  uy ðNÞ:

ð13Þ

Note that in this case the normal strains of the
homologue node pairs lying on the sides of the unit cell,
which are parallel to the Ox2 direction are equal, in fact a
displacement (DU) corresponding to 0.5% strain was applied
in opposite directions (Fig. 4).
Moreover, for loading in both the Ox1 and Ox2 direction,
the rotations of the nodes about the Ox3 direction of a
homolog pair are equal, i.e. for the homolog pair [O & P]
Rotz ðOÞ ¼ Rotz ðPÞ:

ð14Þ

This periodic boundary condition was also applied to
all the other homolog node pairs [Q & R], [S & T], [V & W],
[K & L], and [M & N].
In this case, when loading the structure in the Ox2
direction, nodes O, Q, S, and V were displaced by an equal
but opposite displacement to that applied on nodes P, R, T,
and W, i.e. an equal and opposite strain (DU) was applied on
the nodes lying on the unit cell sides parallel to the Ox1 axis
(Fig. 5). Moreover, the shear strain of these homolog node
pairs was set to be a constant, i.e.
ux ðOÞ  ux ðPÞ ¼ ux ðQÞ  ux ðRÞ
¼ ux ðSÞ  ux ðTÞ ¼ ux ðVÞ  ux ðWÞ:

ð15Þ

Furthermore, the shear and normal strain of the
homologue nodes lying on the sides parallel to the Ox2
direction were set to be a constant, i.e.
ux ðKÞ  ux ðLÞ ¼ ux ðMÞ  ux ðNÞ;

ð16Þ

uy ðKÞ  uy ðLÞ ¼ uy ðMÞ  uy ðNÞ:

ð17Þ

The in-plane on-axis Poisson’s ratio nij and Young’s
moduli Ei for an applied constant displacement DU in the
i-direction of all the systems modeled at different hinging
angles were estimated through calculation of the strains ei, ej,
and the stress si, where by deﬁnition
ej
nij ¼  ;
ei
Ei ¼

si
;
ei

www.pss-b.com

ð18Þ
i; j ¼ x; y:

ð19Þ

Figure 6 (i) Undeformed and (ii) deformed section of the
structure.

The strain ex was calculated by taking the difference
between the displacements of the nodes K & L, and dividing
it by the original distance between the nodes, i.e.
ex ¼

ux ðKÞ  ux ðLÞ
:
xðKÞ  xðLÞ

ð20Þ

Similarly, ey was calculated from the displacements of
the nodes O & P, i.e.
ey ¼

uy ðOÞ  uy ðPÞ
:
yðOÞ  yðPÞ

ð21Þ

The applied stress was calculated by measuring the total
reaction force, Ftot and dividing it by the perpendicular area,
i.e. in the case when the structure was loaded in the Ox1
direction,
sx ¼

F tot
FK þ FM
¼
;
z½yðOÞ  yðPÞ z½yðOÞ  yðPÞ

ð22Þ

where z is the in-depth thickness of the structure which
corresponds to the thickness of the ribs in the Ox3 direction.
A similar equation was used to calculate the applied stress
when loading in the Ox2 direction and hence the Poisson’s
ratio and Young’s modulus were calculated.
Furthermore, the change in the parameters of the model
were found using the initial position and the displacement
of the vertices of the triangles. Upon deformation, two
measurements for the change in the initial hinging angle u
were considered: one where the hinging angle was deﬁned as
the angle between the sides of length a and b denoted by
uouter; and the other was deﬁned as the angle between the
sides of different lengths in the nth triangle denoted by uinner
as shown in Fig. 6ii. In fact, the angle uouter is essentially in
line with the general deﬁnition of the hinging angle between
two rotating triangles while uinner is deﬁned in an attempt to
measure the change in angle due to rotation while omitting
the deformation through bending of the ribs.
4 Results Typical images of the deformed structures
when subjected to compressive strains are shown in Figs. 7
ß 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 7 The (i) undeformed and (ii) deformed images for the structure with equilateral triangles of sides 70 mm at a hinging angle u ¼ 308
with n ¼ 10. (iii), (iv), and (v) show that in such conﬁguration the main mode of deformation is hinging with other modes of deformation
being negligible.

and 8. The structure in Fig. 7 has n12 ¼ 0.534 and
E1 ¼ 4545.476 Pa. The structure in Fig. 8 has u ¼ 119.58,
which is close to the locking angle of 1208. In this structure,
n12 ¼ 0.854 and E1 ¼ 16894.81 Pa. Other images are given in
the Supporting Information (Section S2).
These results clearly suggest that the main modes of
deformation upon loading the structure (compressive
strain) results in concurrent rotation of the triangles with
respect to each other, bending of the ribs forming the
“backbone” of the triangle, change in the central angles
of the “backbone” and bending of the beams forming
the inner triangles. Of these, the most pronounced and
evident modes of deformation are the relative rotation

of the triangles and the bending of the “backbone” of the
triangle.
The different deformation resulting when the hinging
angle is close to or equal to the analytically predicted
“locking angle” [30] (i.e. when it is predicted that no rotation
takes place) is clearly evident. In fact, as predicted, no
rotation is observed (Fig. 8) and the ribs parallel to the Ox1
direction remain undeformed, with extensive bending of the
side ribs being the main deformation observed.
The Poisson’s ratios and Young’s moduli obtained
through the FE simulations are given in Figs. 9 and 10. These
results are also compared to those predicted by the highly
idealized rotating rigid triangles model.

Figure 8 The (i) undeformed and (ii) deformed images for the structure with equilateral triangles of sides 70 mm at a hinging angle
u ¼ 119.58 with n ¼ 10. (iii), (iv), and (v) show that in such conﬁguration the structure deforms through bending of the ribs and not through
rotation of the triangles.
ß 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 9 Plots of the on-axis Poisson’s ratios and Young’s moduli
against the hinging angle u for the equilateral structure with all sides
equal to 70 mm for different values of n as shown in the legend.
See Fig. 6i for deﬁnition of parameters.
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For structures with different values of n, i.e. different
amount of material at the joints, the Poisson’s ratio and
Young’s moduli follow a similar trend whereby an increase
in the parameter u causes the property to increase in a
continuous manner to a maximum which then starts to
decrease again (Figs. 9 and 10). In the case of the Poisson’s
ratio, for most systems, the extreme values of u (i.e. the low
values and the high values of u) have negative Poisson’s
ratio. The proﬁle of the Poisson’s ratio as a function of the
hinging angle, u, obtained through FE modeling contrasts
highly with the constant Poisson’s ratio of 1 analytically
predicted for the rigid rotating triangles model denoted by
[a  b  a]. Such discrepancy decreases as n increases,
something, which may be explained by the fact that as n
increases the geometry modeled through FE is closer to the
model studied analytically. Thus, the auxeticity of foam is
dependent on the amount of material present at the joints.
Furthermore, FE results show that for structures
involving rotating equilateral triangles, n12 ¼ n21 and E1 ¼
E2 irrespective of value of n, this result cannot be extended to
include isosceles triangles in general. In fact for such
structures n12 6¼ n21 and E1 6¼ E2 (Fig. 10). The Poisson’s
ratio and the Young’s modulus for these structures have the
same proﬁle irrespective of the direction of loading, however
different magnitudes result.
Moreover, the turning points of such properties against u
corresponds to the analytically predicted locking angle
for the rotation triangles model, which angle physically
corresponds to the most open structure. A comparison of
these models with the foams suggests that this most open
conformation corresponds to the original conventional
foams whilst all the other conformations correspond to
the compressed version, with the lower (or higher) values of
u corresponding to an increased extent of compression.
Furthermore, the simulations being reported here
suggest that according to this model, a higher degree of
compression (within the geometrically allowed range for u)
is likely to enhance the auxeticity. This degree of
compression can be obtained from the graph of Poisson’s
ratio against the hinging angle u. In particular for loading
along the Ox1 direction, the projection of the unit cell in
the Ox1 direction at the most open conﬁguration, X lock
11 is
given by
X lock
11

s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

4a2  b2
;
¼
2

ð23Þ

while the projection of the unit cell in the Ox1 direction when
n12 ¼0
is given by
n12 ¼ 0, X 11

Figure 10 Plots of on-axis n12, n21, and Young’s moduli E1, E2
against hinging angle u for structure [70  50  70] (all values in
mm) for different values of n as shown in the legend. See Fig. 6i
for deﬁnition of parameters.
www.pss-b.com

n12 ¼0
X 11

s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

4a2  b2 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½1  cosðun12 ¼0 þ aÞ;
¼
2

ð24Þ

where un12 ¼0 is the hinging angle u when n12 ¼ 0, which may
be read directly from the graph of n12 against u. Hence the
ß 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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compressive strain required to achieve auxeticity from the
most open structure is given by
e1 ¼

n12 ¼0
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
X 11
 X lock
11
¼
1  cosðun12 ¼0 þ aÞ  1:
X lock
11

ð25Þ

Although the model presented here was primarily aimed
at simulating the Poisson’s ratio behavior of foams, it also
gives some useful information regarding the Young’s
moduli. For example, the behavior of the Young’s modulus
obtained through FE modeling is in line with experimental
observations for foams produced through the triaxial
compression procedure such as the one employed by Smith
et al. [53]. The proﬁles of the Poisson’s ratio and the
Young’s modulus suggest that as the hinging angle deviates
from the “locking angle”, thus resulting in structures with
smaller Poisson’s ratio, the Young’s modulus decreases.
Thus it follows that the values for the Young’s modulus for
auxetic structures is less than for conventional structures, as
suggested by Smith et al. [53]. It is not clear why, although
the model presented here can account for the change in the
Poisson’s ratio for auxetic foams obtained through a biaxial
compression process as reported by Alderson et al. [15], it
cannot reproduce the associated stiffening reported by the
same authors.
Furthermore, the effect of the number of inner triangles
on the Poisson’s ratio and the Young’s modulus of the
structure sheds light on the effect of the thickness of the ribs
at the proximity of the joints on their mechanical properties.
In fact, one may predict that the greater the amount of
material at the joints, the larger the Young’s modulus and the
greater the chance that the structure is auxetic in a given
conformation (i.e. depending on the hinging angle u) (Figs. 9
and 10). Furthermore, the amount of compressibility
required for auxeticity to be achieved is possibly less for
structures having more material at their joints.
The values of the Poisson’s ratios obtained through the
simulations may be explained by the particular deformations
that occur for the respective structure. In fact the amount of
each type of deformation depends on the alignment of the
triangles with the loading direction. For example, when
loading the structure having the centroids of the triangles
aligned with the vertex joining them along the Ox1 (along
the rise direction of the foam), i.e. when the structure is
essentially a hexagonal structure (Fig. 11), maximum
Poisson’s ratio and Young’s modulus result.
An applied strain results in a change in the parameters
of the structure. As discussed previously, for the analytical
structure where the triangles are assumed to be rigid, the only
mode of deformation is the rotation of the rigid triangles with
respect to each other. Thus the strain in this structure is the
result of a change in the hinging angle u. In FE modeling,
the structure was allowed to deform naturally; thus strain is
the result of a change in all the parameters of the structure
including a change in the hinging angle and in the sides
which were initially of length a and b. The results for the
ß 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

Figure 11 The locked structure for loading along Ox1 where the
centroids of the triangles are aligned with the vertex joining them.

calculations determining the change in the parameters both
analytically and through FE simulations are presented in the
Supporting Information (Section S3).
Through careful analysis of the deformation of uinner and
uouter, (results shown in Supporting Information Section S3)
one can observe that, contrary to the assumption in the
analytical model, changes in the lengths of the triangles are
observed. As n ! nmax, this change in length decreases.
Moreover such an increase in n, decreases the discrepancy
between the change in u obtained analytically and that
obtained through FE simulations. This result compliments
the result obtained for the Poisson’s ratio where it was
observed that agreement of the on-axis Poisson’s ratio
obtained analytically and through FE modeling increases as
n increases. Such results suggest that as n increases the
deformation of the triangles is mainly due to hinging.
All this is signiﬁcant since it suggests that by careful
examination of the amount of material at the joints, one can
assess the validity and accuracy provided by the analytical
model, i.e. if scans of the foam show there is a signiﬁcant
amount of material at the joints one may assume that the
mechanical properties predicted analytically (through the
rigid rotating triangles model) reﬂect the mechanical
properties of the foam, whereas if there is not sufﬁcient
material at the joints to be represented by rigid rotating
triangles, one must allow for discrepancies between results
obtained analytically and those through actual loading of the
foam, resulting due to deformations other than rotation of
the rigid units.
Before we conclude, it is important to note that the
model being presented here, although being more general
than our earlier attempt through analytical modeling [30], is
still oversimplistic with respect to real foams, which are
obviously much more complex and random in their structure.
In fact, it should be noted that although these two approaches
are in some ways similar, since they both represent the
joints in foam as triangular units, they are different since the
present model permits more modes of deformation. Thus,
any discrepancy in the value of the Poisson’s ratio calculated
through the rotating rigid triangles and that obtained for the
www.pss-b.com
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less rigid structure studied here using FE analysis, is to be
expected. Such discrepancies would stem from the fact that,
as evident from pictures of the deformation of the structure,
the deformation modes for the structure in the current model
are not limited to rotation of the triangles as assumed in our
earlier analytical approach [30], but includes bending and
possibly stretching of the ribs. Nevertheless, the model used
here is still limited, since, for example, it is based on a highly
regular and periodic system. Real foams are much more
heterogeneous, and any attempt, such as the one made here,
to represent this highly intricate microstructure through a
regular periodic model will obviously deviate from reality.
Also, the model presented here is of a 2D nature, while the
cellular structure of real foams is 3D. Although this approach
may be justiﬁed since the Poisson’s ratio in itself is a 2D
property, it will certainly be, at least to some extent, affected
by out-of-plane features and deformations. In fact, given
all the assumptions made, it is remarkable how the simple
model being presented here can describe many aspects of the
behavior of real foams in such a simple (e.g. the transition
between positive and negative Poisson’s ratios in the auxetic
foam manufacturing process), even if not qualitative manner.
(For example, some Poisson’s ratio values being predicted
for conventional foams may be an overestimate.)
5 Conclusions A model for auxetic foams based on
“rotating semi-rigid” non-equilateral triangular units was
proposed and discussed. In particular, a representation of the
model through a system composed of groups of three beams
connected at a joint, with the addition of beams at the point
of intersection to represent the ribs of the foam and the
additional thickness present at each joint, was analyzed. This
model, which can be used to predict and explain the behavior
of foam when subjected to loading, suggests that foam
exhibits smaller auxeticity than that predicted analytically
using the rotating triangles model which best resembles
the microstructure of the foam, i.e. the isosceles triangles
structure denoted by [a  b  a]. This is in line with
experimentally measured Poisson’s ratio for auxetic
foam [19, 53]
Based on the model proposed here, which has shown
that not all sides of the triangle change size equally, one may
even consider a three-dimensional model, possibly a variant
of the tetrahedral framework structure by Alderson et al. [54]
allowing for the sides of the tetrahedra to deform at different
rates (i.e. the deformed tetrahedra may not necessarily be
similar to the undeformed tetrahedra).
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