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Internal Rib Structure can be Predicted
Using Mathematical Models: An Anatomic
Study Comparing the Chest to a Shell
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The human rib cage resembles a masonry dome in shape. Masonry domes
have a particular construction that mimics stress distribution. Rib cortical thickness and bone density were analyzed to determine whether the morphology of
the rib cage is sufﬁciently similar to a shell dome for internal rib structure to be
predicted mathematically. A ﬁnite element analysis (FEA) simulation was used
to measure stresses on the internal and external surfaces of a chest-shaped
dome. Inner and outer rib cortical thickness and bone density were measured
in the mid-axillary lines of seven cadaveric rib cages using computerized
tomography scanning. Paired t tests and Pearson correlation were used to
relate cortical thickness and bone density to stress. FEA modeling showed that
the stress was 82% higher on the internal than the external surface, with a
gradual decrease in internal and external wall stresses from the base to the
apex. The inner cortex was more radio-dense, P < 0.001, and thicker,
P < 0.001, than the outer cortex. Inner cortical thickness was related to internal
stress, r 5 0.94, P < 0.001, inner cortical bone density to internal stress,
r 5 0.87, P 5 0.003, and outer cortical thickness to external stress, r 5 0.65,
P 5 0.035. Mathematical models were developed relating internal and external
cortical thicknesses and bone densities to rib level. The internal anatomical features of ribs, including the inner and outer cortical thicknesses and bone densities, are similar to the stress distribution in dome-shaped structures modeled
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using FEA computer simulations of a thick-walled dome pressure vessel. Fixation of rib fractures should include the stronger internal cortex. Clin. Anat.
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INTRODUCTION
The chest has been considered to behave as a thinwalled pressure vessel, since coughing causes a distending pressure with stress, deﬁned as force across an
area, to develop in the chest wall (Casha et al., 2012).
The degree of stress depends on location within the
thorax (Pender, 2009), but is roughly proportional to the
radius at a tangent to the curvature (Young and Budynas, 2002), with larger radii developing higher stresses.
Thin-walled pressure vessels have negligible mass (Pontrelli, 2002), but the chest has a self-supporting mass
and the clavicles transfer some of the weight of the
upper limbs to the chest wall; also, a portion of the
weight of the neck and head is transferred to
the thorax, though most of this weight passes through
the vertebral column (Pal and Routal, 1986, 1987).
The chest resembles a hollow ellipsoid shell in
shape (Casha et al., 2014) (Fig. 1) and can also be
considered as a load-bearing shell structure, or dome,
implying advantages of low weight and high strength
(Huerta, 2006). Domes show self-supporting stability,
and structurally withstand vibration and perforation
well, and these advantages are enhanced by doubleshelled dome construction (Ashkan and Ahmad,

2010). The inner and outer rib cortices within the rib
cage can be considered to resemble the structure of a
double-shelled dome, with the upper and lower cortices acting as struts linking the two shells.
Wolff’s Law states that bone adapts its architecture
to loads (Huiskes, 2000). Bone stress results in
increases of both cortical thickness (Bass et al., 2002;
Robling et al., 2002) and bone density (Cadet et al.,
2010). The hypothesis that the chest behaves as a
dome implies that the rib cage should show variations
in cortical thickness and bone density that mimic the
stresses present in the FEA model, the differing levels
of force at various sites within the chest inﬂuencing
the composition and architecture of the bone (Ruff
et al., 2006).
The aim of this biomechanical study is to produce a
more realistic and accurate thick-walled ﬁnite element
analysis (FEA) model of the chest to measure chest
wall stresses in order to assess whether the internal
anatomical features of ribs, including the inner and
outer cortical thicknesses and bone densities, are similar to the stress distribution in dome structures; previous analyses have investigated a simpler thin-walled
pressure vessel model of the chest (Casha et al.,
2015).

Fig. 1. Coronal view of a spheroidal FEA model and Parthenon (inset). An analogy
is drawn between domes and the FEA shell structure in a hypothetical round chest.
Whilst high stress is represented on the FEA model as a color scale, it leads to a greater
thickness of the dome’s wall. [Color ﬁgure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Fig. 2. Front and side elevations of the ellipsoid FEA model showing surface von
Mises stress levels. [Color ﬁgure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

METHODS
Finite Element Analysis (FEA) Model
An ellipsoid with coronal radius 12 cm, sagittal
radius 11 cm, vertical height 21 cm, and thickness
2 cm was used to produce a ﬁnite element analysis
(FEA) computer model. This model, based on published methods using the mean dimensions of seven
rib cages that were statistically signiﬁcantly similar to
an ellipsoid with the above dimensions, mimicked the
front and side of the chest above the widest point of
the rib cage, the equator of the ellipsoid being equivalent to the widest part of the cage between the sixth
and seventh ribs (Casha et al., 2014; Casha et al.,
R software version 12 (Ansys,
2015) (Fig. 2). AnsysV
Canonsburg, USA) was used for FEA modeling, with
scripting in ADPL language (ANSYS Parametric Design
Language). The ellipsoid shell model was constrained
at its base and subjected to a 40 kPa internal distending pressure (Talbert, 2005), and stress was measured at the internal and external surfaces of the shell
in the mid-axillary line. The top of the model was
loaded with a nominal 1 kg mass to simulate the minimal axial loading by the weight of the head and neck,
since most of the weight passes through the vertebral
column (Pal and Routal, 1986, 1987).

Rib Cortical Thickness and Density
High resolution CT scans of seven rib cages from
anonymized
cadavers
were
analyzed
using
Osirix image processing software (Osirix, Pixmeo,

Switzerland), and two types of measurement were
performed (Fig. 3):
A. Maximal rib cortical thickness. The thicknesses of
the inner and outer rib cortices were measured at
the mid-axillary line of the specimen, choosing the
widest rib cortex located by a concurrent threeplanar view in all three axes on the CT scan
software.
B. Maximal rib cortical radio-density measurements
of pixel density in hounsﬁeld units (HU) of the
inner and outer rib cortices at the mid-axillary
line. The radio-density was taken as a marker of
the level of calciﬁcation within the bone. The midaxillary line location was chosen because it
allowed measurements with the FEA model to be
located accurately.

Statistics
Paired t tests were used to compare inner versus
outer cortical thicknesses and bone densities. Pearson
correlation was used to measure the strength of the
relationships between inner cortical thickness and
bone density with internal stress, and similarly outer
cortical thickness and bone density with external
stress. Quadratic regression models were used to
relate inner and outer cortical thickness and bone
density to rib level. Parameters were estimated using
the maximum likelihood method and goodness of ﬁt
was measured using the R-square value.
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Fig. 4. Von Mises stresses at internal and external
surfaces of the lateral aspect of chest, showing higher
stress internally than externally. [Color ﬁgure can be
viewed in the online issue, which is available at wileyonlinelibrary.com.]

Fig. 3. Sixth rib cortical thickness measurements in
coronal section at the mid-axillary line taken at the internal and external cortices on CT scan. The method used
was similar to that of Mohr (2007). The resolution of CT
scanning is high in the transverse plane but limited in the
axial plane by the mechanics of a 0.25 mm helical pitch.
[Color ﬁgure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
TABLE 1. Measurements of Internal and External
Wall Stresses for the FEA Model With a Neck With
an Ellipsoid Chest Shape With Coronal Radius
12 cm, Sagittal Radius 11 cm, and Vertical
Height 21 cm
Rib level
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0
6.5

Wall stress x105 Pa
Internal
External
9.85
9.78
9.96
10.19
10.40
10.58
10.72
10.82
10.89
10.88

2.90
3.92
4.62
5.09
5.40
5.64
5.80
5.91
5.99
5.99

Results
FEA model wall stress. FEA modeling of the chest
showed that the stress at the base (equator) was 6 3
105 Pa externally and 10.9 3 105 Pa internally, an
increase of 82% from the non-pressure-bearing external surface to the pressure-bearing internal surface.
There was a gradual increase in internal and external
wall stresses from the level below that of the ﬁrst rib
down to the equator of the ellipsoid chest (Table 1 and
Fig. 4).
Radio-density and cortical thickness. Ribs
respond to stress with means of a 29% external

cortical and 55% internal cortical increase in thickness, and a 35% external and 53% internal increase
in density, between the 3rd and 7th rib levels (Fig. 5).
The 7th–9th rib levels in Figure 5 behave as mirror
images of the 4th–6th rib levels, similar to the ellipsoid model superimposed on the rib cage, illustrated
in Figure 1. In contrast, the one fetal skeleton examined had uniform cortical thickness, indicating that
changes in rib cortical thickness and radio-density
occur during development.
The inner cortex was more radio-dense (P < 0.001)
than the outer cortex with a gradual increase in both
cortices with increasing rib level, reaching a maximum
at the widest part of the chest wall (around the 7th
rib), reducing again in the lower ribs (Fig. 6). Cortical
rib thickness was measured using ﬁne section CT cuts
and the inner cortex was thicker than the outer
(P < 0.001), the inner averaging 1.5 mm in thickness
whilst the outer was about 1-mm thick.

Statistics
Graphs displaying measurements of cortical thickness and bone density against rib level suggested that
quadratic regression models would provide a better ﬁt
than linear ones. The large dispersion in the data
could probably be attributed to the different sizes and
weights of our anonymized subjects. A quadratic
regression model following the form of the general
quadratic equation y 5 ax2 1 bx 1 c, relating the mean
measurements of cortical thickness and bone density
to rib level, provided the best R-square values. Most
of the quadratic model parameters (a, b, and c) estimated by maximum likelihood reached statistical signiﬁcance with P values <0.05. All the estimated
regression coefﬁcients for a were negative, implying
maximum turning points, as displayed in Figure 7.
The statistical models (Table 2) suggested that the
external rib cortex was exposed to very attenuated
stress levels, in agreement with the thick-walled pressure vessel model in which the gradient in radial
stress diminishes externally.
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Fig. 5. Graphs showing mean rib internal and external rib cortical bone densities (A) and thicknesses (B) at
different rib levels for seven specimens, with signiﬁcant
differences between internal and external cortical densities and thicknesses respectively, t test P < 0.001, and
maximum values between the sixth and seventh ribs.
[Color ﬁgure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

The four quadratic regression models are:predicted
inner
cortical
thickness 5 20.0028x2 1 0.0320x 1
0.1256predicted
outer
cortical
thickness 5
20.0014x2 1 0.0176x 1 0.1074predicted inner cortical
density 5 216.60x2 1 209.21x 1 862.59predicted inner
cortical density 5 29.35x2 1 136.26x 1 604.21where x
is the rib number. Paired t tests showed statistically
signiﬁcant differences between inner and outer cortical thicknesses, P < 0.001, and inner and outer bone
densities, P < 0.001. The Pearson coefﬁcient showed a
signiﬁcant correlation between inner cortical bone
density and internal stress, r 5 0.87, P 5 0.003, inner
cortical thickness, and internal stress, r 5 0.94,
P < 0.001, and outer cortical thickness and external
stress, r 5 0.65, P 5 0.035. The outer cortical bone
density failed to reach statistical signiﬁcance against
external stress, r 5 0.56, P 5 0.073, perhaps because
of the predicted attenuated external stress levels
according to the FEA model.

DISCUSSION
Architectural domes are load-bearing shells (Misztal,
2010), and can be divided into single- and double-

Fig. 6. High resolution CT scan of the rib cage at the
mid-axillary line with a color look-up table (CLUT) with
the Hounsﬁeld Unit (HU) scale. The red coloration is predominant at the internal rib cortical surface as opposed to
the external surface. [Color ﬁgure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

shell constructions (Ashkan and Ahmad, 2010). As will
be discussed below, the double-shell construction,
although more complex, has certain advantages over
the single-shell construction particularly because less
building material is used, resulting in a lower weight
without sacriﬁcing strength or rigidity (Hillenbrand,
1994), elements that are especially important for both
moving creatures and architectural structures. It must
be emphasized that the engineering of these structures is still not fully understood, and the two domes
have ties between them that bind them into a single
composite construction (Ashkan and Ahmad, 2010).
The term “double-shell dome” implies two independent concentric structures, but this is an

Comparing the Chest to a Shell Dome 1013

Fig. 7. Scatter plots displaying actual and predicted inner and outer rib cortical
thickness and bone density values. [Color ﬁgure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

oversimpliﬁcation: there are in fact three structures
since the inner and outer layers are tied together by
a series of interconnecting struts. These can be
placed as horizontal rings but also as vertical ribs,
so the middle layer resembles a mesh or spacer of
wine-rack appearance that provides cross-bracing
between the inner and outer shells, increasing the
strength and rigidity of the structure in a sandwich
or composite fashion with the middle layer acting as
honeycomb.

The main advantage of a double dome is its weight
and strength (Michell, 1978). The inner dome is typically load-bearing as this is more efﬁcient, the
stresses being maximal on the inner aspect. The outer
dome has a supporting role and acts to stiffen the
structure, therefore increasing its stability (Farshad,
1977; Hejazi, 2003). One aspect of this construction
is that the inner dome is thicker than the outer one,
and there is tapering from bottom to top, the bottom
being thicker in both the inner and outer domes.
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TABLE 2. Four Quadratic Regression Models can be Used to Predict Inner/Outer Cortical Thickness/
Bone Density (y) Given the Rib Level (x)
Model for
parameter
estimates

95% Conﬁdence interval
R-square

Parameter

Inner cortical
thickness
with rib level

0.213

a
b
c

Outer cortical
thickness
with rib level

0.105

a
b
c

Inner cortical
density
with rib level

0.081

a
b
c

Outer cortical
density
with rib level

0.068

a
b
c

Estimate

Standard
error

P
values

Lower bound

0.0008
0.001
20.0043
0.0100
0.002
0.0119
0.0288
< 0.001
0.0678
y 5 20.0028x2 1 0.0320x 1 0.1256
20.0014
0.0006
0.024
20.0026
0.0176
0.0075
0.023
0.0025
0.1074
0.0214
<0.001
0.0644
y 5 20.0014x2 1 0.0176x 1 0.1074
216.60
7.88
0.040
232.43
209.21
100.02
0.041
8.41
862.59
282.26
0.004
295.92
y 5 216.60x2 1 209.21x 1 862.59
29.35
6.07
0.129
221.54
136.26
77.02
0.083
218.37
604.21
217.36
0.007
167.85
y 5 29.35x2 1 136.26x 1 604.21
20.0028
0.0320
0.1256

Upper bound
20.0012
0.0522
0.1834
20.0003
0.0326
0.1505
20.77
410.01
1429.25
2.84
290.88
1040.58

The table gives parameter estimates for a, b, and c and their 95% conﬁdence intervals, standard errors, P values
and R-square values for each quadratic model.

Another advantage is that a dome is a self-supporting
structure, and one break in it does not reduce stability
such that the structure collapses, which is an important property in the context of thoracic trauma.
The ribs can be considered part of a double-shell
composite material dome, like a masonry dome. The
middle layer of the double-shell dome acts as a honeycomb, formed by the medullary bone and the upper and
lower rib cortices. Together, they act as inter-connectors
binding the inner and outer cortices together. Ribs are
embedded in the internal aspect of the chest wall, as
this is a more advantageous position in terms of rigidity
in a pressure vessel than the external aspect, since
radial stress is higher internally and decreases externally. In thin-walled pressure vessels, radial stress is
assumed to be zero (Parnas and Katirci, 2002), and
although the chest simulates a thin-walled pressure
vessel in that the radius to thickness ratio approaches
10:1 (Casha et al., 2012), a thick-walled model remains
more accurate (Young and Budynas, 2002).
The cortical thickness and bone mineral density of
ribs vary such that both thickness and density are
maximal at the widest part of the ellipsoid human
chest and taper toward the lower ribs and the third
rib. The inner rib cortical thickness and bone density
were signiﬁcantly related to internal stress in a thickwalled ellipsoid FEA pressure vessel, P < 0.001 and
P 5 0.003, whilst the outer rib cortical thickness was
signiﬁcantly related to external stress, P 5 0.035, the
inner cortex being more radio-dense, P < 0.001, and
thicker, P < 0.001, than the outer. These results are
consistent with the FEA modeling, which showed that
internal stress was 82% higher than external stress at
the base, with a gradual decrease in both internal and
external wall stresses from the base to the apex. As
the stress in a pressure vessel varies according to
location within the vessel, with forces approximately
proportional to the radius of curvature, different ribs
are exposed to different stresses depending on level.

Ribs respond to these stresses by increasing their
cortical thickness and bone mineral density from the
initial state in the one neonate skeleton examined,
where all ribs were identical.
Ribs act as beams or columns that are pivoted at
both ends. The tissues of the chest wall act to give lateral rigidity to these struts in the plane of the wall.
The stability of the arrangement of the ribs is similar
to that of domes. Domes can be considered as a
series of arches, stability being inherent in their arch
subunits; that is, they can easily withstand relative
movement of the supporting walls and allow cracks to
develop without collapsing—one reason why domes
can survive piercing and resist seismic activity. These
qualities inherent in a dome would be useful when an
animal injures itself, as injury to a rib would not cause
complete loss of function.
The stability of any strut under load depends on the
length of the column, its width, the magnitude of the
load exerted upon it, and the angulation of this load,
according to Leonhard Euler’s formula for the critical
buckling load of an ideal strut, derived in 1757. Also
important are the conditions under which the ends of
the strut are ﬁxed. Considering the ribs as struts, they
are ﬁxed at the vertebral and sternal ends. The vertebral end has the costo-vertebral joint, which is held in
place at three levels—the head, the neck, and the
tubercle of the rib—and is pinned to the transverse
process of the vertebra so that only slight movement
is possible. The anterior (sternal) end is attached via
primary cartilaginous joints to the costal cartilages
and is also effectively pinned. Because both ends are
pegged with minimal rotation, ribs have excellent stability according to Euler’s formula (Dai and Liu, 1992),
with a maximal K-value, or effective strut length factor, of two to four, a higher K-value (range 0–4) indicating greater stability and resistance to buckling.
This enables ribs to function more efﬁciently as struts
or columns, and consequently to be more lightweight.
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The differing directions of the inner and outer intercostal muscles act as stabilizing elements (Saumarez,
1986), limiting possible rib movement with ventilation. This acts to prevent the ribs, behaving as columns, from falling together like dominoes, and
imparts rigidity, locking the ribs, similar to
“construction with rigid frames and shear walls” in
architectural terminology, conferring massive stability
in the plane of the wall. This is aided by the absence
of openings within the chest wall. The direction of
ﬁbers in the intercostal muscles, in two layers at right
angles, resembles the herringbone weave pattern of
the brickwork in Brunelleschi’s double dome in the
Dome of the Cathedral in Florence, which also contains intermediary struts.
Masonry domes usually rest on drums that contain
buttresses or circumferential chains to manage the
outward exertional forces. The human body partly supports its dome externally by the vertebral column, but
also limits this problem as the torso is in effect made
of two ellipsoids joined together with a short waist.
The lower ellipsoid, which is the pelvis, also acts as a
pressure vessel, but is used for the processes of micturition, defecation, parturition, coughing, and blowing.
In this way, changing the torso into one ovoid pressure
vessel minimizes the stresses present at the “rim” of
any bell-shaped structure. One effect of the circumferential exertional forces, as in our analogy of masonry
domes, could be the cause of the gradual but inevitable increase in antero-posterior diameter of the thorax
with aging (Oskvig, 1999; Gayzik et al., 2008).
Rib cortical thickness data were also collected by
Mohr et al. (2007). Their data regarding rib cortical
measurements were independently similar to the cortical thickness measured in the present article, but limited to only ribs 3 and 7. Their work also demonstrated
an increase in rib cortical thickness from superior to
inferior (3rd to 7th ribs), and from internal to external
cortices. The CT technique employed here is more
reﬁned than Mohr’s radiological plate method, with
direct measurements of cortical thickness instead of
indirect measurements using image-ﬁltering techniques to distinguish the cortices on radiography. CT is
also more exact in that the slice thickness was
0.25 mm, in contrast to Mohr’s 3-mm bone slices, and
bone density could also be measured, which could not
be done by Mohr et al.
The data in this article are consistent with the
double-dome hypothesis with stress directly proportional to the radius and radial stress decreasing from
internal to external surfaces. The inner rib cortex is
thicker and denser than the outer cortex, with bone
density and thickness increasing progressively from
the second to the seventh rib, before diminishing to
the tenth rib, mirroring chest diameter.
Limitations of the study include the fact that bone
was modeled as a normal material when it is known
to be both anisotropic and viscoelastic, i.e., it handles
certain directions of stress better than others owing to
the alignment of the Haversian systems, and that it
reacts better to loads applied gradually. All modern CT
scanner machines produce helical scans and, in contrast to their high transverse plane resolution, their
axial resolution is limited by pitch size, which in effect

acts as the wavelength that can be used to determine
resolution according to Abbe’s principle. Abbe’s resolution limit or “diffraction limit” states that the smallest
distance that can be resolved between two lines is
proportional to the wavelength, where the mechanical
pitch becomes the wavelength, but can be improved
by overlapping scans (Stelzer, 2002).
The data in this article conﬁrm that surgical plating
of ribs as fracture repair using plates and screws can
be performed safely on ribs at all levels; however, this
article indicates that it is imperative that the screw
lengths are measured correctly in order to utilize the
internal rib cortex, which is 33% thicker and has double the cortical density of the external rib cortex.
In summary, rib morphology is similar to an architectural double-shell dome, with two independent concentric structures tied by a series of interconnecting
struts formed by the superior and inferior rib cortices
and medulla and intercostal muscles, resulting in a
middle layer that acts as a honeycomb between the
inner and outer shells together with the intercostal
muscles acting as stabilizing shear wall elements.

CONCLUSION
The chest behaves as a pressure- and weightloaded thick-walled shell, with stresses induced by
coughing leading to changes in the internal morphology of the ribs. The morphologically identical ribs of
the neonate adapt to the stresses caused by coughing
and breathing, resulting in changes in cortical thickness and bone density that mimic a double-shell
dome. The thicker and stronger inner cortex should be
utilized in any rib fracture ﬁxation.
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