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A detailed analytical model for novel hexagonal honeycomb
structures which are composed of alternate layers of re-entrant
and non re-entrant features is presented. It is shown that

deformation from hinging, flexure and/or stretching of the cell
walls can lead to zero Poisson’s ratios, a property which is
highly desirable in niche applications.
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1 Introduction In recent years there have been
several studies on two-dimensional honeycombs [1–31]
with particular attention being paid to honeycombs based on
hexagonal cells such as the ones illustrated in Fig. 1. Despite
being very simple, such honeycombs are used in various
practical applications, for example, as the matrix in sandwich
panels where they are sandwiched between two hard skins to
produce lightweight high-strength composites which are
then used in the manufacture of products ranging from
aircrafts to domestic internal doors.
Of particular significance is the work which examines
the mechanical properties of such honeycombs. In particular,
Gibson and Ashby [1, 2] have derived equations for the inplane properties of the hexagonal honeycomb systems
illustrated in Fig. 1a and b deforming through flexure of
the cell walls and show that the in-plane Poisson’s ratios nij
and Young’s moduli Ei for loading in the Oxi directions are
given by:
n21 ¼ n1
12 ¼

½h=l þ sinðuÞ sinðuÞ
;
cos2 ðuÞ

E 1 ¼ Es

t3
cosðuÞ
l ½h=l þ sinðuÞ sin2 ðuÞ

E 2 ¼ Es

t3 h=l þ sinðuÞ
:
l
cos3 ðuÞ

where as illustrated in Fig. 1, l is the length of the inclined
ribs, h the length of the vertical ribs, t the thickness of the
ribs, u is the angle the inclined ribs make with the horizontal
(positive for conventional honeycombs and negative for re-

entrant ones) whilst Es is the intrinsic Young’s moduli of the
honeycombs. This derivation clearly showed that when u is
negative, the Poisson’s ratio is also negative. This was one
of the major milestones in the field of such materials (also
known as auxetic materials [3, 4, 16–66]) which have
various practical applications [13, 35, 43, 44, 67–75]. A
significant amount of work on auxetics has been directed
towards the analysis of various re-entrant honeycombs
[3, 4, 24–33] (i.e. honeycombs where u is negative) which
were predicted to exhibit a negative Poisson’s ratio if they
deform through flexure.
In particular, the models by Gibson and Ashby were
further extended by Evans et al. in their seminal papers which
consider a more generalized model which can deform
through simultaneous flexure, hinging and/or stretching of
the cell walls [3, 4]. Such analysis had shown that re-entrant
honeycombs will exhibit negative Poisson’s ratio if they
deform through hinging and/or flexing of the cell walls but
will exhibit conventional positive Poisson’s ratios if the reentrant honeycombs deform through stretching. Conversely,
non re-entrant honeycombs were shown to exhibit positive
Poisson’s ratio if they deform through hinging and/or flexing
of the cell walls but will exhibit auxetic behaviour if they
deform though stretching.
The equations for the mechanical properties of these
honeycombs suggest that for particular variable combinations, the honeycombs can also exhibit the property of zero
Poisson’s ratio. In particular, honeycombs with u ¼ 0 will
exhibit zero Poisson’s ratio when loaded in the Ox1 direction
if they deform through stretching. Similarly zero Poisson’s
ratio behaviour is observed for loading in the Ox2 direction if
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 1 Geometry of the (a) conventional, (b) re-entrant honeycomb and (c) the semi re-entrant honeycomb.
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the honeycombs deform through stretching, hinging and/or
flexing. Nevertheless, the applicability of such hinging/
flexing honeycombs for applications which require a zero
Poisson’s ratios is very limited as such behaviour is only
exhibited in the limit of zero strain.
We have recently proposed a novel class of hexagonal
honeycomb structures [76, 77] which, as illustrated in
Fig. 1c, are constructed in such a way that their cells contain
both re-entrant and non re-entrant features thus henceforth
referred to as the ‘semi re-entrant’ honeycombs. Such
honeycombs, which deform through flexure of the cell walls,
have already been shown to exhibit two extremely useful
mechanical properties namely (1) zero Poisson’s ratio for
loading in the Ox1 direction for large strains; and (2) a high
Young’s modulus for loading in the Ox2 direction, the latter
property being in accordance with the predictions made by
Lim [78] and Kocer et al. [79] for composites made from
alternate layers of auxetic and conventional materials.
Nevertheless, as already explained by Evans et al. [3, 4],
it is important to note that, although flexure may be the
predominant deformation mechanism [3], it cannot be
assumed that this mechanism acts alone. In fact, it is
important to also consider additional modes of deformations
which include stretching and hinging, all of which will in
practice contribute to the overall deformation mechanism
[3, 4].
In view of all this, in this work we extend our earlier work
by deriving separate analytical models for the Young’s
moduli and Poisson’s ratios for infinite planar networks of
semi re-entrant honeycombs deforming through stretching
(idealized stretching model) and hinging (idealized hinging
model), two deformation mechanisms which may accompany flexure. This will be followed by an additional model
which takes into account these three deformation mechanisms acting concurrently.
2 Idealized single mode models The derivations
presented here for the idealized single mode models
(idealized stretching, idealized hinging and idealized
flexure) are based on the unit cell for a semi re-entrant
www.pss-b.com

F 2

protruding rib

σ2

P

θ

P

F 2

re-entrant rib

F

(b)

Figure 2 Force components acting along the inclined ribs when the
semi re-entrant honeycomb deforms through stretching for loading
in the (a) Ox1 and (b) Ox2 direction.

honeycomb shown in Fig. 2, where h and l are the lengths of
the vertical and inclined ribs respectively and t is their
thickness. This unit cell is oriented such that the vertical ribs
are aligned along the Ox2 direction as shown in Fig. 2 so that
the projections of the unit cell in the Ox1 and Ox2 directions
are respectively given by
X1 ¼ 2lcosðuÞ;

(1)

X2 ¼ 2h

(2)

It shall also be assumed that the thickness in the third
direction is equal to z.
2.1 Idealized stretching model In this derivation it
shall be assumed that the ribs have an associated stiffness
constant Ks i where i ¼ h, l indicates the identity of the rib.
Assuming that the material making up the honeycomb is
isotropic and perfectly elastic, then by applying Hooke’s
law, the extension of each inclined rib as a result of an
external load can be found since, the extension along the rib
is given by d ¼ P=Ks i where P ¼ FcosðuÞ=2 is the force
acting parallel to the rib and F is the force in the Oxi direction
due to a stress si related by si ¼ Fi/Ai where Ai is the area over
which the stress is acting. When such a structure is loaded in
the Ox1 direction, only the inclined ribs deform and the
corresponding extension di is given by
dl ¼

FcosðuÞ
:
2Ks l

(3)
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Thus, the change in the projection of the unit cell X1 in
the Ox1 direction is given by
dX1 ¼ 2dl cosðuÞ ¼

F1 cos2 ðuÞ
;
Ksl

(4)

and therefore, the strain along this direction is given by
e1 ¼

dX1 F1 cosðuÞ hz cosðuÞ
¼
s1:
¼
2Ks l l
Ks l l
X1

(5)
Ksl ¼

Since X2 is only dependent on h (which in this case
remains unchanged during loading), it follows that the
component of the extension of the inclined ribs in the Ox2
direction plays no role in changing the unit cell dimension in
this direction. Thus the strain in the Ox2 direction is
e2 ¼ 0;

(6)

from which it follows that the Poisson’s ratio is also zero
since
n12 ¼ 

e2
¼ 0:
e1

(7)

The Young’s modulus E1s ¼ s 1 =e1 can also be found by
substituting for e1 using Eq. (5) as follows
E1s ¼

Ks l l
:
zh cosðuÞ

(8)

For loading in tension in the Ox2 direction, it is clearly
evident from Fig. 2b that the re-entrant ribs are under
compression and thus would be expected to contract in
length whilst the protruding ribs are under tension thus would
be expected to extend. (The opposite will happen for loading
in compression.) Now, since we are assuming that the
network is infinite and planar, edge effects cannot occur
and therefore, it is not possible for the vertical ribs to tilt
in such a way so as to accommodate such deformations.
Consequently, deformation of the inclined ribs is resisted and
only extensions in the vertical ribs are allowed. Thus, one
may immediately note that since X1 is independent of h, it
remains unchanged so that for loading in the Ox2 direction,
e1 ¼ 0 and as a result, the Poisson’s ratio n21 is also zero.
The extension along the vertical rib is simply given by
F2
dh ¼ h ;
Ks

(9)

h
l 
where Ksl and Ks are related by Ksh ¼ Ks l h and thus the
strain along the Ox1 direction is given by

dh
F2
2zl cosðuÞ
s2 ;
e2 ¼ ¼ h ¼
Ksh h
h Ks h

(10)

s2
Ksh h
:
¼
e2 2lz cosðuÞ
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Es tz
Es tz
and Ksh ¼
;
l
h

(11)

(12)

where Es is the Young’s modulus of the material making up
the honeycomb, t the thickness of the rib and z is the depth of
the rib in the Ox3 direction.
However, it is also possible to re-write the expressions
for the Young’s moduli in terms of a single stretching force
constant, for example Ks l . In analogy to earlier work by
Evans et al. [3, 4], under such assumption, the Young’s
modulus E2 may be re-written as
E2s ¼

Ksl
:
2z cosðuÞ

(13)

It is important to note that the stretching model derived
here is only applicable for tensile loading or for compressions if very small strains are used. At larger strains, the
ribs become prone to buckling when the honeycomb is
compressed, an effect which is not considered here.
2.2 Idealized hinging model Similar to the idealized stretching model, for loading in the Ox2 direction, the
inclined ribs cannot hinge since the re-entrant layer tend to
open up the structure while the conventional layer ones tend
to close it. Thus for the idealized hinging model representing
an infinity large honeycomb, the structure is undeformable
for loading in the Ox2 direction so that the corresponding
analytical model cannot be derived.
For loading in the Ox1 direction, an infinitesimal change
du in the angle u, the strain in the Oxi direction can be
expressed as
 
1 @Xi
ei ¼
du:
(14)
Xi @u
Thus from Eq. (1) and Eq. (2), it follows that
e1 ¼ tanðuÞdu;

(15)

e2 ¼ 0:

(16)

Thus the Poisson’s ratio for loading in the Ox1 direction
is given by
n12 ¼ 

and the Young’s modulus by
E2s ¼

Note that the expressions for the moduli for the idealized
stretching models involve stretching stiffness constants
which are dependent on the lengths of the ribs i.e. the
stiffness constant Ksh used for the vertical ribs of length h are
different from the slanting ribs of length l. This is justified
since in real systems where the honeycombs are constructed
from ligaments welded together at the joints, these stiffness
constants would be given by

e2
¼ 0:
e1

(17)

The Young’s modulus can be found using an energy
approach. Each of the joints can effectively be replaced by
two hinges as shown in Fig. 3 so that each rib is connected to
www.pss-b.com
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when stretched in the Ox1 direction are respectively given by
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Figure 3 Force components acting perpendicular to the inclined
ribs when the semi re-entrant honeycomb deforms through hinging
when loading in the Ox1.

adjacent ribs through such hinges. Then in each unit cell,
which contains four joints, there are eight hinges. Assuming
that all the work done in deforming the structure is stored as
strain energy in these hinges then, the energy stored per unit
volume is given by
1
U ¼ Ei h e i 2 ;
2

U¼

n
w;
V

(19)

2kh ðduÞ2
1
¼ E i h ei 2 ;
2zhl cosðuÞ 2

(20)

and substituting for ei using Eq. (15), the Young’s modulus
for loading in the Ox1 direction is given by
E1h ¼

2kh cosðuÞ
:
zhl sin2 ðuÞ

(21)

Note that in analogy to the work by Evans et al., the kh
due to the stiffness of two hinges connected to each slanting
rib may be replaced by a Kh which defines the resistance of
this rib to rotate by an angle du where clearly Kh ¼ 2kh. In
such case, the expression for the Young’s modulus for the
idealized hinging model may be re-written as
E1h ¼

Kh cosðuÞ
:
zhl sin2 ðuÞ

(22)

E1f ¼

www.pss-b.com

(24)

Kf cosðuÞ
;
zhl sin2 ðuÞ

(25)

where Kf is defined by [3, 4]
Es zt3
:
l

(26)

Note that Eq. (25) for the Young’s modulus for the
idealized flexure model is of the same format as that of Eq. (22)
for the Young’s modulus of the idealized hinging model,
something which may be expected and is concordant with
earlier work on conventional and re-entrant honeycombs [3, 4].
Also, once again, as in the idealized hinging model, one
should note that the mechanical properties of idealized
infinitely large systems for loading in the Ox2 directions
cannot be derived as such systems would have an infinite
modulus in this direction if the systems deforms solely
through flexure (idealized flexing model).
3 Combined flexure/hinging/stretching model
The properties of a system which deform solely through
‘flexure’, ‘hinging’ or ‘stretching’ presented above are
highly idealized scenarios, as in reality, one would expect
that there is some superposition of effects given by flexure,
stretching and hinging of the ribs. For systems where the
material is linearly elastic and assuming that only small
deformations occur, then, for loading by a stress s i in an Oxi
(i ¼ 1, 2) direction, the strains in the Oxi direction are given
by
esþhþf
¼ esi þ ehi þ efi ;
i

(27)

where esi is the strain due to stretching, ehi the strain due to
hinging and efi is the strain due to flexing. But since a strain ei
in an Oxi direction is related to a stress s i in the same
direction through
ei ¼

2.3 Idealized flexure model The analytical model
that describes the flexural behaviour of these types of
honeycombs has already been derived in Refs. [76, 77]. In
particular, it was shown that the Poisson’s ratio and Young’s
modulus for a honeycomb deforming solely through flexure

(23)

where u, l and h are as defined in Fig. 2 and Es is the Young’s
modulus of the material.
Note that in analogy to earlier work, this expression for
the Young’s modulus may be re-written in terms of a flexure
stiffness constant, Kf as

(18)

where n is the number of hinges in the unit cell, V the
volume of the unit cell given by V1 ¼ X1 X2 z and
w ¼ kh ðduÞ2 2. Thus, in this case, assuming thickness z
in the third direction
U¼

 
s 1 t3 l Es cosðuÞ
;
¼
¼
l
h sin2 ðuÞ
e1

Kf ¼

where Ei h is the Young’s modulus of the structure which
deforms only through hinging for loading in the Oxi
direction and U is related to the work done w at each hinge
through

e2
¼ 0;
e1

1
si ;
Ei

(28)

where Ei is the Young’s modulus in the Oxi direction, then
from Eqs. (27) and (28)
si
sþhþf
Ei

¼

si si si
þ þ ;
Eis Eih Eif

(29)
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where Eisþhþf is the Young’s modulus in the Oxi direction
due to concurrent stretching, hinging and flexing, Eis , Eih and
Eif are the Young’s modulus in the Oxi direction due to
stretching, hinging and flexing, respectively.
By rearranging Eq. (29), and substituting for Eis , Eih and
f
Ei using Eqs. (8), (22) and (25), respectively, the Young’s
modulus for loading in an Oxi direction (i ¼ 1, 2) for systems
deforming through concurrent stretching, hinging and
flexing is therefore given by
Eisþhþf ¼

Eis Eih Eif
;
Eih Eif þ Eis Eif þ Eis Eih

(30)

so that for loading in the Ox1 direction the Young’s modulus
is given by
E1sþhþf

K l K K cosðuÞ
 s h f
:
¼
Kh Kf
l
l
2
þ Ks Kf þ Ks Kh
zhl sin ðuÞ 2 2
l tan ðuÞ
(31)

Furthermore, since from Eq. (7) the strain in the
orthogonal Oxj direction are given by
ej ¼ nji ei ¼

nji
si;
Ei

(32)

and since in analogy to Eq. (27)
esþhþf
¼ esj þ ehj þ efj ;
j

(33)

then from Eq. (32) and Eq. (33)
nsþhþf
si
ij
Eisþhþf

¼

nsij s i
nhij s i nfij s i
þ
;
Eis
Eih
Eif

(34)

where nsþhþf
is the Poisson’s ratio in the Oxi –Oxj plane for
ij
loading in the Oxi direction due to concurrent stretching,
hinging and flexing, nsij , nhij and nfij are the Poisson’s ratio in
the Oxj–Oxj plane for loading in the Oxi direction due to
stretching, hinging and flexing, respectively, all of which
have a null value so that the Poisson’s ratio for the
concurrent model is also zero.
4 Discussion The idealized models in Section 2 above
present expressions for the mechanical properties of
idealized models involving solely hinging at the joints,
flexure of the ligaments or stretching of the ligaments. Such
models can be particularly useful in a theoretical investigation as they shed light on the potential of each mechanism
to generate the required property, in this case zero Poisson’s
ratio. Also, in some cases, a single mode model may be
sufficient to describe the property of a realistic system. A
practical example of this are honeycombs constructed from
cardboard which tend to deform through hinging as a result
of the weakness that is introduced at the joints when folding
the cardboard (see Fig. 4). Nevertheless, in general, it should
be noted that it is usual for a mechanism to be accompanied
by other mechanisms and that in reality a model which can
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

Figure 4 (online colour at: www.pss-b.com) Deformation in a
semi re-entrant honeycomb made of cardboard, showing that in
such a honeycomb deformation occurs mainly through hinging.

capture more than one deformation mechanism would be
desirable since, in general, it offers a better representation of
real systems.
For example, in macro/micro structured honeycombs,
stretching and flexing are usually not independent of each
other since both are dependent on the Young’s modulus of
the material. Thus, for example a low Young’s modulus
would make the ribs not only easier to flex but also easier to
stretch. The relative magnitude of these deformation
mechanisms depends on various factors namely the tilting
angle, u, of the rib, its thickness and also its length. In
particular, it is possible to write an expression for the relative
magnitude of the two mechanisms using Eqs. (8) and (25) as
follows:
E1 s l2 tanðuÞ
¼
:
t2
E1 f

(35)

Thus, it is evident that a smaller angle favours stretching
since the force component along the rib leading to stretching
would be larger than the perpendicular one which results in
flexing/hinging. Thus, for example, as illustrated in Fig. 5, at
low u-values, the Young’s modulus due to flexure alone is so
high that deformation occurs almost exclusively through
stretching so that the Young’s modulus of the honeycomb is
almost equal to Es.
It is also apparent that thin ribs favour flexing since the
Young’s modulus for flexure has a t3 dependency whereas
that of stretching has a t dependency. At small t values
flexure dominates but as t increases, the ribs become
increasingly difficult to flex at a much higher rate compared
to stretching so that the latter starts to become more
significant. However, for slender beams, this effect is almost
negligible so unless the thickness is comparable to the length
of the rib, flexure remains as the dominant mechanism as
has been observed in Refs. [1, 2].
Also interesting to note is that only flexing/hinging are
affected by changes in length. In particular an increase in
www.pss-b.com
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Figure 5 (online colour at: www.pss-b.com) Plots showing the
variation of the Young’s modulus for stretching, flexing and combined stretching and flexing as a function of u. For these particular
cases, l ¼ 10, h ¼ 15, Es ¼ 1 GPa and (a) t ¼ 0.5, (b) t ¼ 1.

l favours these mechanisms since the longer the rib is the
larger the moment available to flex/hinge the rib. Thus, at
relatively large l values, flexing hinging are the dominating
mechanisms. It is important to note that the extent of hinging
also depends on the way the system is constructed. Thus, if
real hinges are used at the joints, then hinging does not
depend on the material used but only on the force constant of
the hinges. However, if the honeycomb does not have such
hinges and instead is entirely made of the same material, then
it will also depend on the mechanical properties of the
material used. All this suggests that for a correct treatment of
the mechanical properties it is important that all three
deformation mechanisms are taken into consideration.
Nevertheless, it is important to note that for this
particular honeycomb, the mode of deformations makes no
difference on the main required property, that of a zero
Poisson’s ratio since the combined mechanisms would
exhibit this property irrespective of which of the three
mechanisms discussed here (i.e. flexing, stretching and/or
hinging) operates. In such cases, deviations from this
property are more likely to arise as a result of defects in the
geometry, in analogy with the work on similar hexagonal
conventional and re-entrant honeycombs [80, 81]. For
example it should be emphasized that if some of the ribs in
the honeycomb are broken, then the required property of zero
Poisson’s ratio may not be manifested since in such cases, the
main deformations would be dictated by the type and extent
of the defect.
It should also be noted that the property referred to above
in the idealized hinging and/or flexure model in the Ox2
direction, that is their undeformability, is a highly idealized
scenario and would only have occurred in infinitely large
systems. Real honeycombs, particularly macro honeycombs,
are unlikely to be infinitely large and in such cases
deformations for loading in the Ox2 direction may be
allowed by permitting end effects. For example, earlier work
has shown that in the case of the idealized flexure model,
deformation of each individual cell is different from that of
adjacent ones and is highly dependent on its position within
the network, where the closer to the edge parallel to the
Ox2 direction, the larger the deformation [77, 82].
Furthermore, despite these types of deformations (not
accounted by the model presented here), it has been shown
www.pss-b.com

that the networks still exhibit a very large Young’s modulus
compared to both conventional and re-entrant honeycombs.
Similar effects are also expected for the idealized hinging
model.
Another interesting feature of the model presented here
is its scale independency i.e. irrespective of the dimensions
of the honeycomb, the Poisson’s ratio is always zero. This
makes it possible to manifest this effect not only at a
macrolevel but also at any length scale including the
microlevel (e.g. in foams) and nanolevel (i.e. in molecular
networks) if similar geometric features and deformation
mechanisms as described here are present. Materials with a
zero Poisson’s ratio are not very common (such materials
include cork [83], membrane in beetle’s wings [84] and
polymer gels [85]) and very often this effect is achieved by
using composite materials that are specifically engineered to
exhibit such property. However such composites may suffer
from failure at the interface and therefore there is the need to
produce alternative zero Poisson’s ratio materials which do
not suffer from these problems.
Before we conclude it is important to highlight some of
the advantages of the honeycombs presented here as opposed
to conventional and/or auxetic honeycombs. Apart from
being useful in applications where changes in lateral
dimensions caused by loading are undesired, these honeycombs also have a natural ability to be morphed into a tubular
structure. This is not possible with conventional and auxetic
honeycombs since their tendency to form saddle and dome
shaped surface respectively causes stresses in the honeycomb were they to be morphed into cylindrical structures.
The main reason for such behaviour is that downward
bending of a conventional honeycomb in one direction puts
its upper surface under tension along the direction of bending
so that in the transverse direction the upper surface contracts
and curves upwards to adopt the saddle shaped configuration
(see Fig. 6a). Conversely, in auxetic honeycombs, downward
bending (i.e. extension) in one direction is accompanied by
an expansion in the lateral direction forcing the honeycomb
to also bend downward in this direction and hence adopt a
dome shaped configuration (see Fig. 6b). However, in semi
re-entrant honeycombs, the lateral direction remains unaffected by bending enabling them to form a cylindrical
surface (see Fig. 6c). Such a feature may be very useful for
honeycomb cores in sandwich composites used in applications where the sandwich is morphed into a tubular
structure and also in biomedical applications.
5 Conclusion This paper has shown that infinite and
planar sheets of honeycombs with a semi re-entrant
geometry exhibit the relatively rare property of a zero
Poisson’s ratio irrespective of the relative magnitude of the
stretching, hinging and flexing mechanism or which of these
deformation mechanism(s) is present. We hope that this
work serves as a stimulus to researchers in designing similar
systems with the ability to exhibit zero Poisson’s ratio and
also look forward to their implementation on a micro and
nano level to synthesize new materials with this property that
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 6 (online colour at: www.pss-b.com)
Bending in (a) conventional, (b) auxetic and (c)
zero Poisson’s ratio material. The edges along
which the bending stress is applied deform in a
different manner in each case. In conventional
materials the edge curves upward to form a
saddle shape (a), in auxetic materials it curves
downwards to form a dome shape (b) while in
zero Poisson’s ratio materials it remains
straight (c).

could be used as an alternative to naturally occurring
materials like cork.
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